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Mean Square Consistency On Numerical Solutions of
Stochastic Wave Equation with Cubic Nonlinearities on 2D
Rectangles

Haziem M. Hazaimeh
Department of Mathematics and statistics, Zayed University, Dubai, UAE

Abstract—Abstract. In this article we study the mean square consis- Yy

tency on numerical solutions of stochastic wave equations with cubic
nonlinearities on two dimensional rectangles. In [8], we proved that the
strong Fourier solution of these semi-linear wave equations exists and is
unique on an appropriate Hilbert space. A linear-implicit Euler method
is used to discretize the related Fourier coefficients. We prove that the
linear-implicit Euler method applied to a solution of nonlinear stochastic
wave equations in two dimensions is mean square consistency under the
geometric condition.

I. INTRODUCTION

In this article we study the linear-implicit Euler method for the
numerical solution of semi-linear stochastic wave equations

uy =0 Au + A(u,u) + B(%ut)%

with cubic nonlinearities in two dimensions in terms of all systems
parameters, i.e., with non-global Lipschitz continuous nonlinearities.
Our study focuses on numerical solution using linear-implicit Euler
method (LIEM) under the geometric condition

1 1 aArr (2 +12) - a 212
“(g+g>—“1= lg% Y=y >0,

where 0 < = < [ and 0 < y < [, such that D = [0, I,] x [0, l5].
(Note that [, and [, are the dimension parameters of a vibrating plate
or a membrane). We shall impose the following boundary conditions:
(note that ¢ > 0)

TABLE I: Boundary Conditions

Iy || u(z,0,t) =0 or || uz(x,0,t) =0 or || uy(x,0,t) =0
I ||u(lz,y,t) =0 or || ue(lz,y,t) =0] or || uy(le,y,t) =0
I3 ||u(z,ly,t) =0 or || ug(z,ly,t)=0]| or || uy(z,ly,t) =0
ly || w(0,y,£) =0 || or uz(0,y,t) =0 or uy(0,y,t) =0

where [1,12,03,andls as in the following figure

ls

l4 l2

l

f x

0 I

Also the initial conditions are u(z,y,0) = f(z,y)with f € L?
(initial position) and w(z,y,0) = g(z,y)withg € L? (initial
velocity). Recall that

LA0) = {f: D B| [ [f(@w) dutay) < oo,
D
where g is the Lebesgue measure in two dimensions.

There is a little information about the numerical solution of
nonlinear stochastic wave equations. However, Schurz [17] proved
that the linear-implicit method for the nonlinear stochastic heat
equation just in R is mean square consistent with rate ro = 1.5.
Also, Higham [11] studied the mean square stability of stochastic
theta method and plotted the mean square stability when the test
equation has real parameters. Higham, D.J., Mao, X., Stuart, A.M.
[12] proved that strong convergence results but they took less
restrictive conditions. To my information and since there are a few
researcher work on mean square consistent of LIEM of nonlinear
stochastic wave equations in two dimensions, which make me
interested in working that.

Consider the stochastic nonlinear wave equation with both additive
and multiplicative noise

e = 0 (Usa + Uyy) + (a1 — azlullf2p))u — kv
dwW
+ (bo + ballullizm) + b2llvllLzm)) i (1)

with v = uy, where

2 oo

Wy )= > agnWil(en(@)en(y)

i,j=1n,m=1
and e;;? and e;;} are orthonormalized eigenfunctions of Laplace

operator A on D = [0, 5] x [0, I, ], driven by i.i.d. standard Wiener
processes W%, with E[W.7,(t)] = 0, ]E[V[/,i’fm(t)]2 = t. Recall

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution

License 4.0 (http://creativecommons.org/licenses/by/4.0/).
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that e, (z) and e/, (z) are one of the functions 1/%sin(lmz/lz) or

,/%cos(lmrz/lZL with z =z ory, k =norm, and 4,5 = 1,2.
The solution of equation (1) in term of Fourier series is

-y Y

i,j=1n,m=1

u(z,y,t (@) el (y)- @

The form of Fourier solutions v and its approximate Fourier solutions
uN given by
N (‘T 'Y, t) =

3 Y dha@at) @

with its coefficients ciﬂm satisfying

() = [0 (O + Bm) + a1 — ag|lullfzm)] el (D)
—K U () + (bO + balullLz o)
o [l o) ) @RI Wi () o
2 2 2 2
where A, = ’Tlg , Bm = T lgn o Mullezwy =

2 N
i 2 )
Z Z [ciljm ) and Hu||L2(D) = Z Z cn m . Note
1, j=1n,m=1 i,j=1n,m=1
that equation (4) is equivalent to the following system

Cﬁ,m = Unym
2 N .. ..
Unim = _02()\n + ﬂm) + a1 — a2 Z Z [CL’?Z}Q C}n’,]m
ij k=1
—k vyl (1) 5)

+(bo + brllulliz ) + l|@llLzm)) ol Wit

subject to the initial conditions
(e (00, 20 (0)) = (€ i)

The solution of system (5) is exist and unique [8]. Now, we introduce
the following standard definitions.

Definition 1: For k € N, take the partition 0 = 9 < t1 < t2 <

. < tr = T of [0,T] with current step sizes hy = tg41 — tp >
0, then , as in Schurz [18], the linear-implicit Euler-type method
(LIEM) is governed by the iterative scheme

i) = cln(te) + b vyl (tesr) (6)
i) = 0 (00) + [ (u(0)) 0110
0 (1) | F G (u(t) Wi ()
where

frm(u(te)) = =0 (An + Bm) + a1 — az Z Z el ()]’

i,j=1 n,m=1

and
grm (u(te)) = (bo + br 33 (e
i,j=1n,m=1
+b2 Z Z Cnm )a’ri]m
i,J=1n,m=1
and

D Wt = Wit (b)) =Wt (tr) € N0, hi), hie = g1 —t.

In [10], we proved that the explicit representation of LIEM as in the
following theorem

Theorem 1: Assume that ‘ciﬂ
az > 0,k > 0, and

Vn,m € N : [—

(tk){ < 0o, |v tk)‘ < 00, and
o® (A + Bm) + a1] hi, < 1+ hy k.

Then the method (LIEM) governed by equation (6) and equation (7)
has the non-exploding explicit representation

(L+hik) i (te) +havis?, (te)

1)027m(tk+1): 1+ hor — hi fn,m( (tk))
i Gnym (u(tr) AW 0%,
T tr = B2 fomu(tr))
and
Q)UZ{,].m(tk+1): Un m(tk)+hk fn m( (tk)) Cn m(tk)

1+ hps — hkfn,m( u(ty))
G (u(t) AW,
"I+ hik — B2 foom(u(ty))

where frn m(u(te)), gn,m (u(te)), Dk Wfﬂm, and hy as above.
Proof 2: (Theorem 1) See [10]

©)

II. MEAN SQUARE CONSISTENCY OF NUMERICAL METHODS
Definition 2: A numerical method with the scheme
a(t+h) = a(t) + hf(a) + gla(t)) AW()  (10)
where h = tk+1 — tk = ftt:Jrl dS, AWk = W(tk+1) —
W(ty) = ftt:“ dW(s) € N(0,h) and f(u(t)) and g(u(t)) as
above applied to SDE (5) is said to be mean square consistent with
rate 7o > 0 on D iff IK5 = consistency constantV0 < t <
t + h < T where h is sufficiently small, i.e.,0 < h < § < 1,
Vu(t) € H, where H := {u € L*(D)|a € L*D)}, and
lulle = \/HuH 12(D) + HUH]L2(D) (Ft, B(]L,z))f measurable, then

(= [l +1) — e + w3 x| 7)) < 15 (Vo)) 1

where
o+ [ s

Lemma 3: (The Burkholder-Davis-Gundy Inequality)

En/ &) dW (s ||P<CBE(/||9 |ds)

Proof 4: (Lemma 1) See Karatzas and Shreve [13].
Lemma 5: Let X ~ N(0, hi), Vn € N, n > 1, we have

E(X)’" = (2n — 1)IAY,

where (2n — 1)l = (2n—1) X (2n—3) X (2n—5) x
Proof 6: (Lemma 2) See [9].
Theorem 7: The method (LIEM) given by

) + hg vn m(tk+1)

w(t+h|t,u(t)) =10

ds+/ g(u(s)) dW (s)ds

an

WX HX 3Ix 1.

Clmther) = it (12)

Ot (thg1) = Ufi,%(tk)Jrhk[fn,m(u(tk))cf{ﬂn(tk+1)
-~ U:i,jm(tkﬂ)} + gnm (W(te) AWy 3, (13)

is locally mean square consistent with rate ro >
f(u(tk))and g(u ( k)) as above and
D Wit =Wt (ter) — Widn (te) € N(0, ), hi=tis1 —ti.

1, where
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Proof 8: (Theorem 2) We want to prove that

N[=

1)(E [[le(t + h) — é(t + h)|IX|a(t)]) 2 <KLV (u(t) b (14)

2)E [0, (E+h) = B (E4B) [ 0(1]) F< KSV (u(t)R72 (15

Provided that ¢(t) = é&(t) and v(t) =
(14), we know from [10] that
/ ( ds

t+h
- / Ge(u(t))dW (s).

9(t). To prove inequality

c(t+ h) — é&(t + h)

Thus,
. 2
—Cnm(t+h)|N

t+ . t+h
~ tw(®) ds—{ ae(u(®)W ()

[ bo-fww) as

t+h 2
/t e ()W (s)

l[en,m (t4h)
2

N

<2

N

)

+2‘

N

< 2a? 4+ 2% So

[ (v0) - ftute) as

by using the fact that (a + b)?

2
E|lc(t + h) — é(t + h)||§V§2E‘

t+h 2 N
" QE‘ [ atuwaws)
t N
which implies that
9 t+h . 2
Bllet+h) et + W <2 [ B ote) - Fetu)], as
t+h 2
+ 2E ‘ / Ge(u(t))dW(s) (16)
t N

First, we will find the first part of the right hand side of inequality
(16),

—fe(u®)A=v(s) —v(t)+o(t) = fe(u(®)) |3
<2|Jv(s) =) |3 +2v(t) = fe(u(®) I

[o(s)
a7

Step 1: We know that

dvp,m (7)
= [~0* (An+Bm) —ar+az|[u(r)|[F2m)] cnm(r)dr
— KUn,m(T)dr + g(u(r)) d Wi, m (r)
thus
Un,m (8) —Un,m(t)

— [ Eo* Ot b —ar sl s en ()
— ﬁ/tsvn’m(r)dr—k /tsg(u(r))dWmm(r)

SO

2
l[0n,m (8) =vn,m (8) I

2

: /cnym (r)dr
t

S 4[62(>\n+/8m)_a1] ‘
2

N

+4a / ()22 ) o () i
t N
s 2
+4%° /vn,m(r)dr
t N
s 2
+4‘ [ atut)iwi o)
t N
therefore,
El[tmm(5) — vnm ()13

2
S 4 [02()\71 + Bm) - al]Q]E‘

/ Cnm () dr
¢

2

N

S H [ 1) B enmte) dr
t

/ Un,m (1) dr
t

/t g (u(r)) d Wi (1)

N
2

—&—4&215’

N
2

+4E|

N

t
1[0+ 8) = a]” [ Ble(r) e dr

s

caad [ (® Sam)? (E 2)? d

ay [ (Ellu()llizm)? (Elle(r)lx)* dr
St

+4K2/E||v(r)||?vdr

+4oBE/ lg(u(r)) | d W (r)

by using Holder and Burkerholder-Davis-Gundy inequalities, Lemma
3, then substituting

g(u(®)) = (bo + ballu(®) 2 + [lv(B)[l:2) @2,
we get
E||vn,m(5) = vam (Bl
< 4([0” Ont ) —aa] " +#7) BV (u(s) s 4
+12Cp o [b5 + (b + b3)EV (u(t))] |s — t|
+4a3 EV? (u(t)EV (u(s))]s — 1|

Slgg?;anx 4([02()\n+ﬂm a1 +n2)EV ))|s—t|
+12Cp o” [bg + (b + b3)EV (u(t))] |s — ¢
+8a2 EV (u(t) EV (u(t ))|87t|7
and, if IV is sufficiently large, we find
E|[vn,m (8) = vn.m (1) I3
1 1.1
<4 cr7rN( +l2) + K% | EV (u(s))|s — ¢t

+12Cp a® [b + (b + b3)EV (u(t))] |s — ¢|
+8a2 BV (u(t))EV (u(t))|s — ¢
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taking the conditional expectation gives us

(”Un m(s) -

Vn,m (8) || 3| (t))
< 4(0'4774N4 +

I 12) +K°+3Cpa (b1+b2))

+120a°bV (u(t))]s —t] +8a2 V2 (u(t))V (u(t))|s—t|
< K5 (1+V(u®)))ls — ¢
< K5 V(u(t)]s — t|

O)ls—

the squared norm of the latter identity, we find that
felul®)Ix
< 4h} (k+ by [0% 0 + Bm) —a1])°E

[u®) 1% v(t)
F(u(t))

Eljon,m () -
2

' v(t)
F(u(t))

t| N
2

c(t)
Fu(t))

'2

N

[lu(t)]| Re(t)
where +4n QE‘ F(u(t) |y
1 but we know that Fc(u(t)) > 0, so
Ks = 4 (0-4 at N4(E + l2) + K2 +3CBa (b% +b§)) E|v(t) — fc(u(t))”?\f
+12Cp a® by + 8as VA (u(t)) < 4hE (k4 hi [0 + Bim) — a1]) Ello(0) 13
+4hka2EH||u ||N’U HN
therefore, +4h3 (0% (n + Bm) — a1 ) Ellc(®) %
n +4ad3 hiE”Hu(t)H?\f et ||N
[ Bl (o) =0 () 0] s < AR (54 b 02O o ) — ] EV(u(t)
< kP +ind aéz(Euua)u?v)% (En;(t)n?v)%
< ks V(u(t)h2 as) +4hi [0 (An +ﬂm)—ad EV@A?)
+4hiay (Ellu(t )Il?v) (Elle(®)lI) 2
Step 2: Also, we know that, < 4hy (k+hu [o *(An + Bm) — alDQ
1 [0% (A + ) — 1] EV (u(1))
Vnm (8) = fel(u(t)) +4hi a3 BV (u(t)? (EV (u(1)))?
_ (hars + Pt [0 + Bim) = 1]) U (2) +4hE aF (BY (u(t)? (BY (u(®)?
2 N
1+hik + k2 |02 An+Bm)—ai+az Z Z [ciﬂm(tk)]z] thus
wEm E[o(t) — fo(u(®)ll
hi as <Z > et ()] )vn,m(t) < 4R2 (/{ T hy [02 On + Bm) — al]) EV (u(t))
i,j=1In,m=1
+ r 2 N 7 +h% [02 (M + Bm) — a1]2EV(u(t))
1+hik + ke |0 An+Bm)—ar+az Z Z [C:i?m(tk)]Q +4h}a? 1+ hi)EV(u(t))
X o % o+ i) — al]’jc_nm;(t; ; = AR (H hi [amn + Bm) — a1])2EV(u(t))
I 2 N b 2
1+hkli+h% 02(/\n+,3m)7a1+a22 Z [Ci{{m(tk)]Q —|—4hk[ (An + Bm) —CLI] EV(u
i i.j=1nm=1 | +4h a3(1 + h)EV (u(t))
e (Z 3 [kt )cm ) < AR (5 4 7 Ot ) - ) BV ()
+ i,j=1In,m=1 . — +4hi |:O_2 (An + ﬁm) _ al]QEV(u(t))
Vthits + b3 |02 An+Bm)—a1+az » > [ciifm(tk)]ﬂ +8hi a3 BV (u(t)),
i,j=1In,m=1

to simplify, let

1+ hes+h; [UQ(An + Bm) — al}

tar 3 e (e,

i,j=1In,m=1

F(u(t))

which gives F'(u(t)) > 0. Now, if we pulling the expectation over

for large N and take the conditional expectation, then we get

E [lo(t) = fe(u() I lu®)]
1 1

z2+2)

E)“' + 203 ] (1+ V(u(®) B

< 4fkt PN 2] (1+ V(u(t) b

1
+4[o* N g+

thus

E[lo(t) = feu@)klu®)] < KoV (u(t) b
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where because we know from t%le Young’s inequality that if p = 2andq =
1 1 1 1 a
Ke= [ma N’z 2(12 +E)2+U4N4W4(E+E)2+2a§}. 2ithata - b < — + =, then

Therefore,

t+h
[ B[O - o)) as

t+h
< Ks (())hz/t ds
< Ko V(u(t)) hi

and since hy < 1, then

t+h R ~
| E[ro-f@liuw]as KoV @mmt. a9
Form inequalities (20) and (21), we have
t+h R
[ B[l - Atw@)lu] as
< KsV(u(t))hi + K¢ V(u(t)) hi
< K7 V(u(®)hi (20)

where K7 = K5 + Kg. Now, the second part of inequality (16) is
t+h )
B [ dctult) aw (o)
t

e o (bo + ballu(®)lli2 + ballo(®) ) o
_ /

- ) aw (s)|l3
O Ol
Then
EH/M )dW (s
. E[|hk(b0+b1|1;£53J(;;)b2||v(t)||)a2”?VH tHZW(S)”ﬂ

IN

(EH h (01| u(t) || +b2||v (1) ]| o

L ne LONSETS ) Ch thW(S)H%J)%

using Lemma 5.1, F,(u(t)) > 0, and
< (3(a*+b*+c))? < 27(a* +b* +c*),

2

(a+b+c)* = ((a+b+c)?)

then we find
t+h 5
Bl [ ge(u®)dw o)l
t

1
2 1
nia* (2705 + BENu@)* + BEEIlv@)*] ) (342)?

IA

IN

o’ (bg + O EV(u(t)) + b IEVQ(u(t))>% K.

Hence, by redoing above steps for the conditional expectation, we
arrive at

Bl [ gt aw ol

<90t (b4 b V(o) + B v2<u<t>>)% %
<90 (83 + b1 VV(u(®) + 3 V(u(t)) hi

)+b2v< (1)) bt

g

( +—+

Bl [ setatonaw )| 7]
b1

< 9a (bo +o+ G+ b%)V(u(t))) B

and therefore

E[l /tt+h§c<u<t>>dW<s>||2

7

4
< 9ot max{bo Loy ; + b3, = + bQ}V( (t))hi.
Thus
tth 2 2
Bl [ g Wl < KeV(u®)h?
t
< ks (14 V(u(t)) hi
< ks V(u(®)hi. 2D
where
4 b1 2
Ks = 9a” max bo—i———i— —I—b27 +b2 .
Thus inequality (16) equivalent to
Elle(t +h) — &t + )| x| Fi]
<2 (Kﬁ/(u(t))hi + 2Ks f/(u(t))hi)
< K¢, V(u(t)) hi (22)

where K¢, = 2 (K7 + Kg), which is implies that

: SIS
(B [let+h) — e+ mIF|R])* < (K (V) e @3)
2) To prove inequality (15), from [10] we know that,

/tt+h|:fv(u(8))—fv(u(t))] ds

+/tt+h[ U(u(S))—ﬁv(u(t))} AW (s)

o(t + h)—b(t+h) =

thus

o(t +h) — ot + h)||%

<2l [t

+2 /tt+h [QU(U(S)) - Qn(u(t))] AW @4

and we know that

u(t))|ds|%

folu()) = folu(®)) = folu(s)) = folu(®)) + fo(u(®))
—fo(@(t)) + fo(a(t) — fol(a(t))
and, by using the local property that u(t) = 4(t), hence
1 fo(u(s)) = fow@)IF < 20l fululs)) = folu(®)|¥
+2fo(a®) - fo@®)r @)
where
Folw() = fu®) = [p%0n+Bm)—ar] (c(t)—e(s))

az ([|lu(t)|[ 3 e(t) — JJu(s)|[F e(s)

+r(v(t) — v(s))
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thus
1o Cus) Fo () 3 <30+ ) —ar) Tle()—c(s)
+3a3llu(t) [3ee(t)— l[u(s) R e(s) 1%
+ 35 Jo(t) — vl
Also, from [10], we have
i@ e(t) = )l e(s)
<3 e llo@)lnlle(t) = e(s)lln
hence
El[u()ll ¢(t) = Ju(s) I3 e(s)llv
< 9 () Il le() — e(s)I%)
< 9E(len X lv(I%) E[En —c(s)I4]*
< o[BI 1] * [BlomI]* [En (1)~ c(s)lIy] *
< e )] [Ev* )] [Ble®) - e()14]
therefore

E[[lu(®) |3 e(t) = lu(s)llx e(s)llv <

vt [Ble) - s)I4]* @0
az
but we can find that
s 1 4
Blet) — el < E( [ [BV))ar)
< / [EV (u(r)]® dr (s — 1)°
t
< [EV@®)] (s - 1) / dr
t
and so
Elle(t) — o(s) & < [EV (u(t)]* (s = )°. @7
Substituting inequality (27) in inequality (26), we find that
E[[lu)||% e(t) = l[u(s)[I3 e(s)|l~
< DRV ) [EV @) (s 0°  ©8)
2
and we know that
Elllle(t) = e(s)[[x e(s) v < BV (u(t)) (s — 1)*. (29)
Also from Theorem 2 part 1), we know that
t+h
[ B o)l ds < Ke Vo)t G0
t

Therefore, by using inequalities (28), (29), and (30), we find that
t+h
[ Bl ) = 2wl ds
! 9 pt+h
< 3[0*(n + ) — a1 / Ellc(t) — e(s)|1% ds
t+h ‘
+ 30 / Ellu(t) 3 e(t) = lu(s) [ e(s)% ds

2 ok 2
+ 3k Elo(t) — v(s)lv ds,
t

hence

t+h
/t E [[lfo(u(s)) — folu(®) |3 |u(®)] ds
5 rt+h
< 3[02(/\n+ﬂm)fa1]/t V(u(t)(s — t)*ds

+108 / o Vv (u(t)EV

+3 K5 K%V (u(t) hi

[0 (n + ) al]QV(u(t))hz
108

0 VAw(t)V (u(t) hi + 3 Ks 5V (u(t)) hi

[0 O+ 8) — ] Vi) 2
+27 VA (u(t)V (u(t) hi + 3Ks &V (u(t)) hi.

(u(t))]s — t\g ds

IN

IA

Thus, for large IV, we have

t+h
[ Bl W) -

< o*N?t 7r4(l +

Folu®)[V]u()] ds

)2V (u(t)) hi,
uw(t)) hi + 3KskV(u(t)) b
2 )? (14 V(u(t)) hi

l
+27 V4 (u(t)) (14 V(u(t)) hi + 3 K5k V(u(t)) hi

2
+ 27 V* (u(t)
< o'N? 4(1

\»—A/‘\@‘T‘QM—I

WV
+

<

therefore

— fo(u@®))|[X|u(t)] ds <KoV (u(t))hi (31)

t+h
| Bl )

where

1
Ko=0'N'n 4(l2+l2) +27V* (u(t))+3Ks k.
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The second part of inequality (25) is,

FRCOEACON
w0 A+ B) = @ + @@l ]e)

< il Fa) I
i [0_2(>m+gm)—a1+a2||ﬁ(t)||?v]26(t) K/2U() 2
Bt [0 On+ ) —ar (1) 3] 5(6)
H Fa(D) %)
< an [52 [02 An + Bm) — a1 + CLQH’lAL(t)HN} I ((()))HN
Y [02 (An + Bm) — a1 + a2|\ﬂ(t)|\N} I ((()))HN
Ly 0()
2 [0 Ot ) = 01+ 1] | s ]
< 4t [ ([0 Ot ) = a1 + el I
2 0(t)
+ K HF(ﬂ(t)) HN)
[0+ Bm) — a1 +azl[a(B)1%] ([rOn+Bm) —a
o2 12, ) 2 o(t)
@] g 15+ e ™)]
hence

I fola(t)) — fola()lx )
< 4k} [(n2 + hi [02 A+ Bm) — a1 + a2||ﬁ(t)\|§v] )

([0 O 80) = a1 + aallhotu13] I i
()

gy V)]

using F(u(t)) > 1, and pulling the expectation over the last identity,
then we find

E|lfo(a(t) — fo(@®)Ii

< AR [(5*+ B[O+ B) —ar +azlla@®)3] ) ([0 + )
—ar+ aalla@] ey e + 2|| (ﬁi))\|N)}

therefore,

E|lfo(a(t) — fu(@a(®))llx .
< ARE[(+ [P+ Bn) a1 +azla(t) 1] )

([02 ()\n + Bm)_a’l—"_aQHa(t)Hi’irH F(éé’?t)) ||N
0(t)

F(a(t) ”?V)}

+57|

hence
E||fu(i(t)) — Fula(e) 1
< 4hi(E[fﬁ2+[02(>\n+5m)—a1+a2|\ﬁ(t)”?\r]2]2)E
[£([* Ot ) —ar ol | el
Fagy %) |
for large N, we have
Bl fo(a(®) — fu(a)I
< an (B[4 [0 N (g ) sl ] )

é(t)
F(a(t))

-+

1
2

(Ve g+ el )l

o(t) I )2] 3
F(a(e) '/ 1
First, I will calculate the first part of the right side of inequality (32)
which is

(E[ng + hi [02 N? TrQ(é +

I

+:2||

(32)

=

g +eali®li] )

(B[2x* +2[0* N (liz+ll2) + aalla)lz] )

< (Epetefa(riie br) atiaons])

hence

B[+ttt G+ )+ anlaiR] T)

1
2

IN

11 R 3
(x4 (o N2w2<l—2+l—2>2) +aatEla()3])?

(w8 (N + 17+ aeviuy)])

1 1
12+T2)

IN

IN

(20 + 8 (2N G+ 107) 4 8BV )

IN

V2 </< +2 <U N27r2(l12 +l12 )2> +2a3 [[EVQ(u(t)

IN

f<n + 20" N* 4(112 +z2) + 243 [EV? (u(t))]

Now, the second part of the right side of inequality (32) is

B[ N'r 2<12+;>+a2uu<>u2}2|| ((()))||N+ e h)
< 2E ([U 27r2(l12 )2 +az|a(t) ] I HN)
126°E|| F?{E(i)) HN
< 2(Bp N+ +alaR]) (Bl gy 1)
2 o(t)
+ 20 Bl s

1

IN

1 1
(160_16N16 16( 2 += E )16

(E”F(éé?s» '?VY *

2
+a§Eua<t>u1N6)

ot) 2

2 "i2 EH F(ﬁ(t)) ”N
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but F(4(t)) > 1, then Thus

E[||fo(@(t) = fo(@(®)]|%|u(®)]
< 8h} (m +20*N'r 4(112+l2) +2a3V (u ()))

B([o? V7 (g + )7 + it >||?v}2ua<t>||%v+ R o))

1 1
< 2 (16w Ly samol) | el
Yy

+2“2EH@ )HN

=

[(2041\14 4(l12+l12) +2a5V (u ())>

1 2 i 2 1
< 2 (40’ NG 8<l12 + l2) + asE|af )II%) (Ellet)]%)? (aj) VZ(u(t)) + mvz(u(t))]
+ 287 Elo(t) ||, < 8hj - (/12—1— 204N4n4(ll2+12) +2a3 V(u (t)))
[( ot N 4(1 +112) + 202 V(u ()))
hence 1
(a%) VA (u(t) + 5 |V (u(t))
([ 3w + 0 +anla 1] T 1) ] e
SHES G lﬁ) +adEja)%) @10l + 2Bl 3] B{IF (1) — Fo 0 u(t)]
3 1 < Kio(14 V(u(®)) hi
< \/5(408N8ﬂ8<é+ B Rl ) @Rl < ol V) N
+ Var Elo®I)
1 1 wh
<V (20 W+ b B RO @Ot
+V2k (E||ﬁ(t)||?v)% Kig=8- (m +20'N*r 4(112 12) +2a3V (u ()))
4 ra a1 1 % % )
< \/§<20 N 7r1 (l2 12) + 2az (EVZ(u(t))) ) [( N 4(ll2+ll2) +2a2V (u ())) (é) V%(u(t))ju,g],
(Zevm) + var @)t
2 therefore
Thus inequality (32) equivalent to /Hh E[va (a(t)) _fv(ﬂ(t))”?\/'u(t)] ds
) t < KoV (u(t))hi
El|f.(a(t)) — fo(a(®)x < KoV (u(t)h. (34)

< 4hi-\/§</£2+204N47r4(l+ p)* + 203 BV (u(t)]

=
[xf( 2 N (L

Nl

)

1 ) To complete the proof, we have to simplify the second part of the

+ 112) +2as9 (]EV (u(t ))) right side of inequality (24) which is

12

1

<a%IEV8(U(t))> +V2k (Ev(u(t)))%]. ”/”“[gv )]dw( 2

t+h
<Cs / lgo (u(s)) o (u(t)) | 3rds

Pulling the conditional expectation over the last identity, we find that

but from [10] we know that

E [I£o(a(6) = fo@®) 3 lu(t)]

< 8h} (m +20*N'r 4(112+112) +243 [V (u(t))]%) II/ = gu(u ())]dW(s)ll?v
[(20" W' + )"+ 200 (V200 ) < CB/t lgo(u(s)) — go ()3 ds

(Zvm) + r Vi)

asz

t+h
| +Co [ lgu(ut) — du®)lvds. G9)

[N
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We start with the first part of the right side of inequality (35) which
is

t+h 5
/t g (u(s))— g0 (u(®)|[% d s

t+h
S/t lIbx (lu(s)lliz = lu(®lli2) + b2 (lo(s) iz = [v(®)]l2) I d s

e 2 2 2 2
S/t (201 ([u(s) iz = llu(®)]li2)”+ 22 (v (s)lli2 = [v(8)]12)"] ds

Hh 2 2 2
S/t max {207, 263} [([[u(s)lliz — [u() :2)* +([v(s) ]2 ~lv(t)]12)*] ds

t+h
S/ 2max {207,263} [[lu()l2|s — t] + [lo(7)lliz]s — ¢]] ds
t

< max {2b7,2b3}V (u(t))

thus

t+h
[ Ellgo (u(s)) —go (u(®) |3 ds

<KuV(u(t)hi < KuV (u(t))hi (36)

where K11 = max {2 b2, 2b§}. Also, the second part of the right
side of inequality (35), we start with

E [llgo(u(t)) — go(u(t))l|¥]
heE || [k+hiF(u(t))] [bo + bu[|u(t)]liz +bzlv(t)[li2]
. 1+ hi ke + h2 F(u(t))

I

1
< hi Ells+hel (w(t))||3) 2 (El|bo + bu[lu(t)]];2 +b2|[v(t) |2 ||v)
< 8Lh(E[s" + hio® N4w4(li2 + 112)4 +adllu()B])?
z y

1
(E[bo + billu@®) 172 + ballo@®)]2]) %,

hence
E [llgo(u(t)) = go(u(t))l[}|u(®)]
1
< 8lhy (54 + hi; a4N47r4(ll2 + %2)4 + aéJE||u(t)||?2) ’
£ y
1
- (b + WIE[u(b)[li2 + b2E[o(t)]132) 2
1
< 8l <H4+hﬁa4N4ﬂ4(ll2+ll2)4+4a§1Ev2(u(t))\u(t)> ’
z y
2 3
. (bg + a—IIEV(u(t))|u(t) + ngV2(u(t))|u(t))
2
11 3
< 8lhg (;# + hi; 04N47r4(l—2 + 72)4 + 443 V2(u(t)))
£ y

1
2

+ 2@—? V(u(t)) + b5 V2(u(t)))

. (bé
81 hy, (HQ +h: 02N27r2(
2

: (bg | Y20
4/ a2

81 (&2 + hi o> N?7?(
2

- (bg L Y24
Va2

81 (/@2 + hi O'2N27T2(

2
' (b% N V207
thus

NG
E [llg(u(t)) = go(u(®)|¥|u(t)] < K12V (u(t)) b

where

1

1
R

iy

TS CHP v<u<t>>)

)
)

Vu()? + 03 V(u(t»)
1

1

[

+ }) + 205 (V(u(t)))

oy (V<u<t>>>%) (V () # b

11
2

[N

)* + 2az (V(u(1)))

b3 <v<u<t>>>%) (1+ V(u(t))) b

(37)

K 81 (;& Y 02N2w2(ll2 + 112)2 +2a (V(u(t)))%)
z y
203 1
(+ 28 i vn?)
therefore

t+h ~
/ E[llgo(u(t)) — go(u@®)l[Vlu(t)] ds < K12V (u(t)) hi. (38)

t
Thus by using inequalities (31), (34), (36), and (38) we can write
inequality (15) as

E[”Un,m(t + h) - ﬁmm(t + h)“?\fm(t)}
< [4(Ko + K10) + 2Cp(Ku + Ki2)]V (u(t)) hi;
< K§,V(u(t)) hi (39)

1

(E [lonm(t+R) = 0nm (t+B) [3Ja(8)] ) *

[NE

where Kl(;z = 4(K9 + KIO) + 2CB(K11 + Klg). Thus
KC

& (V)
K5,V (u(t)h. (40)

IN

IN

1
2
III. CONCLUSION

In this article we prove that the linear-implicit Euler method is
mean square consistent with rate ro = 2 on nonlinear stochastic wave
equations in 2 dimensions. In the future, we will continue to show that
the LIEM is mean square and asymptotic stability, and convergence.
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Also, we will study the stability and mean square consistency of the
solution of stochastic heat equation, Burger equation.
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