Zayed University

ZU Scholars

All Works

2-1-2022

Subclasses of Multivalent Meromorphic Functions with a Pole of
Order p at the Origin

Daniel Breaz
Universitatea 1 Decembrie 1918 din Alba lulia

Kadhavoor R. Karthikeyan
National University of Science & Technology (by Merger of Caledonian College of Engineering and Oman
Medical College)

Elangho Umadevi
Zayed University

Follow this and additional works at: https://zuscholars.zu.ac.ae/works

6‘ Part of the Mathematics Commons

Recommended Citation

Breaz, Daniel; Karthikeyan, Kadhavoor R.; and Umadevi, Elangho, "Subclasses of Multivalent Meromorphic
Functions with a Pole of Order p at the Origin" (2022). All Works. 4898.
https://zuscholars.zu.ac.ae/works/4898

This Article is brought to you for free and open access by ZU Scholars. It has been accepted for inclusion in All
Works by an authorized administrator of ZU Scholars. For more information, please contact scholars@zu.ac.ae.


https://zuscholars.zu.ac.ae/
https://zuscholars.zu.ac.ae/works
https://zuscholars.zu.ac.ae/works?utm_source=zuscholars.zu.ac.ae%2Fworks%2F4898&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=zuscholars.zu.ac.ae%2Fworks%2F4898&utm_medium=PDF&utm_campaign=PDFCoverPages
https://zuscholars.zu.ac.ae/works/4898?utm_source=zuscholars.zu.ac.ae%2Fworks%2F4898&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholars@zu.ac.ae

. mathematics

Article

Subclasses of Multivalent Meromorphic Functions with a Pole
of Order p at the Origin

Daniel Breaz '**({), Kadhavoor R. Karthikeyan >**

check for
updates

Citation: Breaz, D.; Karthikeyan,
K.R.; Umadevi, E. Subclasses of
Multivalent Meromorphic Functions
with a Pole of Order p at the Origin.
Mathematics 2022, 10, 600. https://
doi.org/10.3390/ math10040600

Academic Editors: Juan Benigno

Seoane-Septlveda

Received: 18 January 2022
Accepted: 11 February 2022
Published: 16 February 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Elangho Umadevi *

1 Department of Mathematics, “1 Decembrie 1918” University of Alba Iulia, 510009 Alba Iulia, Romania
Department of Applied Mathematics and Science, National University of Science & Technology,
Muscat P.O. Box 620, Oman

Department of Mathematics and Statistics, College of Natural and Health Sciences, Zayed University,
Abu Dhabi P.O. Box 144534, United Arab Emirates; z10011@zu.ac.ae

*  Correspondence: dbreaz@uab.ro (D.B.); karthikeyan@nu.edu.om (K.R.K.)

t These authors contributed equally to this work.

Abstract: In this paper, we carry out a systematic study to discover the properties of a subclass of
meromorphic starlike functions defined using the Mittag—Leffler three-parameter function. Differ-
ential operators involving special functions have been very useful in extracting information about
the various properties of functions belonging to geometrically defined function classes. Here, we
choose the Prabhakar function (or a three parameter Mittag—Leffler function) for our study, since
it has several applications in science and engineering problems. To provide our study with more
versatility, we define our class by employing a certain pseudo-starlike type analytic characterization
quasi-subordinate to a more general function. We provide the conditions to obtain sufficient condi-
tions for meromorphic starlikeness involving quasi-subordination. Our other main results include
the solution to the Fekete—Szeg® problem and inclusion relationships for functions belonging to the
defined function classes. Several consequences of our main results are pointed out.

Keywords: meromorphic functions; meromorphic starlike and meromorphic convex functions; quasi-
subordination; Fekete-Szegé problem; coefficient inequalities; generalized Mittag—Leffler function

1. Introduction

C, Z~ and N will represent the sets of complex numbers, negative integers and natural
numbers, respectively. We let O* = {z: z € Cand0 <| z |[< 1} = Q\ {0} to denote a
punctured open unit disk. Furthermore, we let M, denote the class of all analytic functions,
except for a pole of order p at the origin and p-valent in the unit disc of the form

f(z):z_p—l—Zakzk“_P (peN=1,23,...;z€Q"). 1)
k=0

Two well-known subclasses of M, are the so-called meromorphic starlike functions of order
7 and meromorphic convex functions of order v, which have the analytic characterization
of the form

Re(ié?) < —7v and Re (1 + ZJJ:,”((ZZ)>) <=7, (z€eQ%50<y<p),

respectively. We let MS,(y) and MCp(7) denote the class of meromorphic starlike func-
tions of order oy and meromorphic convex functions of order <, respectively. Furthermore,
we let P, denote the class of functions /(z) analytic in Q) with #(0) = p and Re[k(z)] > 0.
P1 = P will denote the well-known class functions with a positive real part, which has
the usual normalization /(0) = 1. For the development and study of various subclasses of
meromorphic functions, refer to [1,2].
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Hadamard product and subordination are the two primary tools that are employed
to study various geometrically defined subclasses of analytic and meromorphic functions.
Here, we let * and < denote the Hadamard product and subordination, respectively. For
two functions f(z) given by (1) and g(z) = z77 + Y5>, byz*177, the Hadamard product
(or convolution) of f and g is defined by

(Fr9)(@) =27+ Y P =: (g f)(2). @)
k=0

The Hadamard product acts as a bridge for studying geometric function theory in duality
with the theory of special functions. Pertaining to the class of meromorphic functions,
the study by Liu and Srivastava [3] is the most prominent study of this duality theory.
Using the Hadamard product, they defined a differential operator (popularly known as the
Liu-Srivastava operator) involving a generalized hypergeometric function. Here, we avoid
stating the Liu-Srivastava operator, as it requires much supplementary information to be
disseminated.

Several families of integral operators and differential operators were introduced using
the Hadamard product (or convolution). Motivated by the work of Aouf [4] (also see [5-7]),
in this paper we will introduce a family of differential and integral operators involving the
Mittag-Leffler three-parameter function.

First, we will begin with a brief introduction of the Mittag-Leffler function. The Mittag—
Leffler function arises naturally in the solutions of fractional integro-differential equations.
For a detailed study on the Mittag—Leffler function and its applications, refer to [8-11].
Prabhakar [12] Equation 1.3) studied a singular integral equation with a generalized Mittag—
Leffler three-parameter function in the kernel, which is defined by

PR N () %
Ebo(2) = kgo Fokt o =0 0P € CRe(6) >0, ®)
where (x); will be used to denote the usual Pochhammer symbol defined by
(x) _T(x+k) 1 ifk=0
k I(x) x(x+1)(x+2) ... (x+k—1) ifk € N.

The function Eg #(2) is an entire function of order (Re 9)71. For particular values of
the parameter, ES ¢(2) coincides with well-known elementary functions, and some special

functions. For example,
e +2e727" cos (?zl/3> ]

2
El%’l(z) = e erfc(—z), El%ll(izl/z) — 7 [1 +erf(:|:zl/2)]

ec—1

NI~

E%,z(z) = E%,l(z) =

where error function erf(z) and the complementary error function er fc(z) are defined by
the formula

2 (7 _p
erfc(z)zl—erf(z)zl—ﬁ/o e~ dt.

The following relationship between the Prabhakar function and generalized hypergeometric
function is known to hold:
0 9+1 0+m—1 z

1
p = — —
Em,&(z)—r(lg) 1Fm(p, R LRy - ,mm>, m € N,
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where . Fs (the generalized hypergeometric function) is defined by the formula

: =y @)k e (a2t
rFs(Dél, K, oo, Uy, ‘Bl, ﬁz, ey ﬁs,Z) = k;O (,Bl)k ('Bs)k 7

(al,...,a,ECandﬁjEC\Za;Za:O,—l, =2,..57=1,...,9).

Corresponding to Ef) ,(z), we define the function

Ko,o(2) =2 PL(0)Ef 4(x) =2 " + Z T[8+0 kipfﬁ(}wr 1)!Zk+1_p~ 4)

We now define the following operator R}, ” (6, 9, p)f : Q* — Q* by

R0, 8, 0)f(2) = (f*Kf 4)(2)

A ' A
RY70,0,0)f(@) = 1= A K5 )@+ SAf =K )@ + 5 )
RYT(6, 9, p)f(2) = RYPIRY (6, 8, 0)f(2)], (6)
wherem € Ngpand 0 < A < 1. If f € M), then from (5) and (6) we may easily deduce that
m, oy [P AR+ =-2p) " L(8)(p)k+1 kt1—
RY(6 6, 0)f() =277+ ) v EE Y Ry @

Remark 1. A new symmetric differential operator A;"’p f(z) introduced by Aldawish and Ibrahim
in [13] is closely related to our operator Ry (6, 8, p) f(2).

Let MS%(p, 0, 8; ) denote the class of functions if R}," (6, 9, p)f € MS;(7) and

let MC%(p, 6, 9; ) denote the class of functions if R}"” (6, 8, p)f € MCp(7). Using the
well-known Miller—-Mocanu lemma and following the steps as in [14] (Theorem 2.1), we can
obtain the following inclusion relationships if p € R is greater than zero

MSH(p+1,0,8;7) C MST(p, 0, %; ) C MST 1 (p, 6, 9 7)

and

MCT(p+1,6, 0 v) C MC%(p, 0, 8; v) C MCT(p, 6, 8; 7).

Haji Mohd and Darus in [15] brought the concept of quasi-subordination into spotlight,
though introduced by Robertson [16] in 1970. The versatility of the quasi-subordination
is that it unifies two popular tools of Univalent Function Theory, namely majorization and
subordination. Recently, several authors have introduced and studied various classes
of analytic functions using quasi-subordination; see [17-21] and the references provided
therein. We let <, represent quasi-subordination. For detailed discussion and formal
definition of the quasi-subordination, refer to [15].

The paper is structured as follows. In the present section, we define some presumably
new subclasses of meromorphic functions using the operator RT’F (0, 9, p)f and quasi-
subordination. In Section 2, we provide and discuss some results which will be used to
prove our main results. Our main results are provided in Sections 3 and 4, which include
the subordination condition and initial coefficient bounds of the Laurent’s series expansion.

Meromorphic multivalent functions have been studied by various authors, such
as Mogra [22,23], Uralegaddi and Ganigi [24], Aouf [4,25,20], and Srivastava et al. [27].
For studies related to meromorphic functions involving linear operators, see [3,28,29].
Motivated by Aouf [4], Arif et al. [30] and [31] (Definition 2), we now define the following.
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Definition 1. Let § > 1,0 < 5, A <1,b € C\ {0}, 0, 8, p € Cand Re(6) > 0. We denote the
class KCY (B, p, 0, ©; b; @) consisting of functions in M, satisfying the subordination condition

_ 1{ DRy, 9, p)f'(2))°
bl [a-BIRy @ 8, p)f () +

] — (—P)‘S} ~q @(2) = p, ®)

where ®(z) = p+ Y51 Lnz" € Pp.

Definition 2. Let 0 < A < 1,b € C\ {0}, 6, 9, p € C and Re(8) > 0. We denote the class
MBY (p, 6, 9; b; ®) consisting of functions in M, satisfying the subordination condition

1 { 2[R} (6, 8, p)f(2)]
b\ RYT(6, 8, p)f(2)

+ P} =<7 ®(z) —p, )

where ®(z) = p+ L1 Luz" € Pp.

Remark 2. Theclass KCY (B, p, 0, 0; b; ®) was mainly motivated by the recent study of Karthikeyan
et al. [32]. The classes KCY' (B, p, 0, 0; b; ®) and MBY (p, 6, 8; b; ®) reduces to several well-
known class by varying the parameters involved, for example refer to [33] (Remark 1.1).

2. Preliminaries

In this section, we will present some results that would help us to obtain our main
results.

To obtain some conditions of starlikeness, we need the following well-known Miller—
Mocanu lemma.

Lemma 1 ([34], Theorem 3.6.1). Let the function q be univalent in the open unit disc (). Let

6 and ¢ be analytic in a domain D containing q(Q) with ¢(w) # 0 when w € g(Q). Set

Q(z) = zq'(2)¢(4(2)), k(z) = 0(4(2)) + Q(2). Suppose that

1. Qs starlike univalent in O3, and

zk'(z)

2. Re
Q(2)

If

>0, forz € Q.
0(p(2)) +2p'(2)p(p(2)) < 6(q(2)) +24'(2)9(q(2)),
then p(z) < q(z) and q is the best dominant.

Now, we state the following results, which will be used in proving the coefficient
inequalities.

Lemma 2 ([35], p. 41). If p(z) = 1+ ¥ przF € Py, then |pi| < 2 forall k > 1, and the
k=1
1+ Az

inequality is sharp for p)(z) = T Al <1

Lemma 3 ([36]). If p(z) =1+ E przk € Py, and v is complex number, then
k=1

‘pz —vpﬂ <2max{1;[2v - 1]},

and the result is sharp for the functions
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To highlight the applications of all our main results, we will use the following class
introduced and studied by Aouf [37] (Equation 1.4) (also see [38]).
A function h(z) € R(F,G, p, ) if and only if

_pHIpG+ (F-G)(p —a)]w(2)
[1+ Gw(z)] !

h(z) (-1<G<F<1,0<a<1) (10)

where w(z) is the Schwartz function. The class R(F, G, p, «) is a generalization of Janowski

functions [39].

3. Starlikeness of MBY (p, 6, ¥; b; ®) and ICCY (B, p, 6, ¢; b; @) Using
Quasi-Subordination

Henceforth, we let ®(z) denote
O(z) =dg +diz+dpz> +---(dg #0) and |dg| < 1.

In this section, we will obtain conditions for starlikeness using quasi-subordination. Recall
that f <, g if there exists a function @(z) such that f/© < g.

Theorem 1. Let the function ® be convex univalent in Q) with Re[®(z) — p] > 0. If the function
Ry (0, 0, p)f(z) € M, satisfies the conditions

RYT(0,0,0)f (z) #0,z€ Q, (11)
m—+1,p
R (9;19/ p)f(z) £0zeq, (12)

then

1 {zmx""’(e, 8,0/ H p TR0, 0)f ()
bO(z) | RT*M(6, 9, 0)f(2) bO(z) R0, 8, p)f(2)
C2RYP(0,9,0)f"(2) + ZRYT (60, 9, p)f'(2) + pzRY (6, 9, p)f(
2[RYP (0, 8, p)f(2)] + pRY (6, 8, p)f(2)
2RY(0, 8,p)f ()], 20'(z)
bO(z)R (6,8, 0)f(z)  ©(2)

z)

(13)

< x%(2) 4z (2),

where k(z) 1= ®(z) — p, implies f € MBY (p, 6, 0; b; ®). Moreover, the function ®(z) — p is
the best dominant of the left-hand side of (9).

Proof. If we define the function p by

[ 2RI(6, 8, 0)f(2)]
P = b{ R0, 9, 00f(z) }

Although the function R}""(6, 9, p) f(z) has a pole of order p at z = 0, it can be seen that p
is analytic in Q) using the assumption (11) and (12). To prove the assertion of the theorem,
we need to establish p(z)/0(z) < ®(z) — p. Let h(z) = p(z)/0O(z); using logarithmic
differentiation we have
2Ry7(6, 8, 0)f"(2) + 2R} (6, 8, p)f'(2) + p=Ry (6, 8, p)f'(2)
, / 1,
2[RY7(6, 8, 0)f(2)) + PRy (8, 9, p)f(2)
2RI, 9,0)f' () 20/(2)
Ry, 9,0)f(z) O

zh'(z) = h(z) [
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Then the subordination (1) is equivalent to
W2(z) + zH (z) < x*(2) + 2/ (2). (14)

Setting
Y(w) :=w? and A(w):=1,

then Y and A are analytic functions in C, with A(0) # 0. Therefore

Q(z) = z«'(z) A(x(z)) = z¢'(2)
and
K(z) = Y(x(2)) + Q(z) = k%(2) + zK/(2).

The function x(z) = ®(z) — p is convex univalent in (), since ® is a convex univalent
function in ). Now, using this fact, it follows that

zQ'(z)
Re 00
Q'(0) =«'(0) #0,

hence Q is a starlike univalent function in (). Furthermore, the convexity of x together with
the assumption that x(z) € P implies

1
:Re<1+ZK,(Z)> >0,z€),
«'(z)

zK'(z) zx"(z)
Q(z) x'(z)
Since both of the conditions of Lemma 1 are satisfied, it follows that (14) implies

p(z)/0O(z) < x(z), and k = ® — p is the best dominant of p/®, which proves the assertion
of the theorem. 0O

Re —Re(ZK(Z)+1+ > >0,z€Q.

Theorem 2. If the function R (6, 9, p)f(z) € My satisfies the conditions

RY(6,8,0)f'(z) #0,z€ Q,

RYTH6, 8, p)f(2)
z

#0z e,

then

(R} (6, 9, 0)f(2)] RI6, 8, p)f (2)
{ RE(5, 6, 0)f(2) 1} L RET(6, 8, o))
2R, 8, p)f"(2) + ZRY(E, 8, p)f'(2) + 2RYT6, 8, p)f (2)
2[R} 6, 9, p)f ()] + RET6, 9, )1 (2)
AR (6, 9, p)f(Z)]'] L (F-G)
RI6, 8, 0)f(2) | (1 Gz

where —1 < G < F < 1, implies

[1+(F-G)z],

CARYO. 6, 0f()] 14 Fz
R0, 9, p)f(z) 1+ G2

and this result is sharp.



Mathematics 2022, 10, 600

7 of 15

Proof. If we define the functions

1+ Fz
14+ Gz’

2[R}, 8, p)f(2)]

) R0, 9, ) (2)

O(z) =1 and p(z) =

then p has no singularity in (), and g(z) = ®(z) — 1 is a convex univalent function in Q)
with Re g(z) > 0, z € Q). Proceeding as in the proof of Theorem 1, we obtain

z[R1(8, 8, 0)f(2)] 1+ Fz
_{ R0, 9, p)f(2) H} “ive

Since the principle of subordination is invariant under translation, we have

_zZ[RY(6, 8, 0)f(2)] | 1+Fz
RITLO, 0, p)f(z) 1+Gz

which is an assertion of Theorem 2. [

If weletm = 6 =0, p = 1in Theorem 2, we obtain
Corollary 1. If the function f(z) € My satisfies the condition

RYN(0, 8, 1)f(2)

. #0, (z€Q)
then
) B '1 X 2[(1- N f () + Azf' () + 2]
(1= 2)f(z) +Azfr(z) + 2] (1= 2)f(2) + Azfr(z) + 2]
QDR -2 2f(2)
[A-Df@+ A+ 12 + 2] [(1-)f() +A2f () + 2]
el (-0,

where —1 < G < F < 1, implies

zf'(2) 1+Fz
[(1-Nf@ +r2f(m)+ 4] 1+G

and this result is sharp.

If we let A = 0 in Corollary 1, we obtain
Corollary 2. If the function f(z) € M satisfies the condition @ #0, (ze€Q),then

z2f'(z) 22f'(z) 22 f"(2) +zf'(2) (F—G)z -
{ f(Z) +1} [1+ f(Z) f(Z)—i—Zf’(z) = (1+GZ)2[1+(F G)Z],

where —1 < G < F < 1, implies

zf'(z)  1+Fz
 f(z2) “1ycz

and this result is sharp.
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For completeness, we just state the conditions for starlikeness of the class
KCY (B, p, 0, 9; b; ).

Theorem 3. Let the function ® be convex univalent in Q) with Re[®(z) — p] > 0. If the function
’RT’F (6, 9, p)f(z) € M, satisfies the conditions
RYP(0,0,p)f (z) #0,z€ Q,

Ry (0,8, 0)f(2) B
A . * _1—[3Z€Q’

then
1 { OVHRYP0, 8, 0)f ()0 )5} { (1= B)zRY7 (6, 8, p)f'(2) — ppz? |
bO(z) [(1 — BRI, 9, p)f(2) + /3:/:*!’} [(1 —B)RYF(6,8,0)f(2) + !32*”}
{0 DHRIP (6, 8, p)f ()] — (—p) [ BRIV, 6, p)f(z) + p= ]}
ORI, 8, 0)f'(2)) = (—=p)* |1 = BIRYV (6, 8, p)f(2) + Pz |

ZPO-DRRIP (9, 8, p)f'(2)]° (—p)°
O()|[(1-BIR}V (6,8, 0)f () + p=v] 1O

20 (z)

o0) < x%(z) + 2/ (2),

+

+

where k(z) := ®(z) — p, implies f € KCY (B, p, 0, ¥; b; ®). Moreover, the function ®(z) — p is
the best dominant of the left-hand side of (8).

Remark 3. Several well-known subordination results involving the class of meromorphic functions
can be obtained as an application of our result by varying the parameters involved in Theorem 3.

4. Solution to Fekete-Szeg6 Problem for the Functions of MB}'(p, 6, ¢; b; ®) and
ICCY (B, p, 6, 8; b; @)

In this section, we obtain some interesting coefficient inequalities for functions belong-
ing to the classes MBY (p, 6, 9; b; @) and KCY' (B, p, 0, O; b; P).

Theorem 4. If f(z) = z7F + Y32 ;2177 € MBY(p, 0, 8; b; @) with ®(z) = 1+ L1z +
Lyz2 4+ L3z3 + - -+, (L1 > 0; z € Q), then for all y € C we have

) 2Ly p™|bT[¢ + 26]| d
‘”“’””0‘3\[ +A<1—p>np+u<l—p)]'"rwx>|[ *max{ Lt
1 b’ Pl + 200 = p)] 1 A= plEh(T[O+0)2  [p+A(=2p) ‘H
P AT —2p)P[p + A(T—2p) T (8) ()1 2T [0 + 28]  p[1+A(—2p)]|S ]

The inequality is sharp for each u € C.

Proof. If f € MBY (p, 0, 9; b; @), there exist the analytic functions ©(z) and w(z), with
|w(z)| <1, w(0) = 0, such that

1 { 2[R0, 8, p)f(2)]
b RYF(6, 9, p)f(2)

+ P} = 0(z2)[®{w(z)} - pl.
Define the function k(z) by

k(z) =14+ b1z 4+ 62> + - =

(z € Q). (15)
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We can note that k(0) = 1 and k € P (see Lemma 2). Using (15), it is easy to see that

_ Iz I
kz) -1 _1 £1z+<€2—21>zz+<€3—41€2+41>z3+~~ ,

R EE

From [19] (Equation 3.7) (also see [40]), we have

!

2[RY7(0, 9, p)f(2)]
Ry (6, 8, 0)f(2)

62
to(3ur(rn §) + jua) + 20

The left-hand side of (16) will be

z2+--~}. (16)

b{ leoﬁlz +

2[R37(6,9,0)f(2)] | T(8)(oh[1+A0—2p)] [p+A(—2p)]"

f(
R (6, 9, 0)f(2) I +6] p"

P e

( 19+9> <[P “_ZP )MH[HA(l—ZP)]H%

From (16) and (17), we have

aoz+

+
‘G

224 (17)

pml’[ﬂ + Q]bleoél

2+ A= 2p)][p + A(L—2p)]"T(8) (o) (18)

apg = —

and

o= Lydop™bI'[¢ + 26] [ 1(1_L2
T O21 A1 - p)l[p+ 221 p)]"T(9) ()2

Libdo[p + A(1 —2p)] dily
pIL+ A(L—2p)] )él * ] 1)

In view of (18) and (19), for u € C, we have

B 2‘_ B Lydop™bI[9 + 26] P 1 L
o = | = 21+ M1 —p)][p+ 201 — p)]"T() ()2 | * 2( L
Libdo[p + A(1 — 2?7)]>€2 d1£1]
p[l+A(1—2p)] do

up? (T[6 + 6] 2P L3302
AT+ A1 —2p)Plp + AQ —2p) P (T2 (o)1) |

(20)

Using the well-known condition |dy| < 1 (see [19], p. 7115) along with Lemma 3 in (20), we
obtain the assertion of Theorem 4. [J

Corollary 3. If f(z) = z7P + L3y axz" 1P € M, satisfies the condition

_1{2[733"'”(9, % p)f@)] P} L PG+ (F-G)(p -z
bLRY (6, 9, 0)f(2) q [1+62]

_P/
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then for all u € C we have

dq

_ _ m
‘al —‘ua%‘ < (F G)(p tx)p |bF[19+29]| { + max{1; G+

T+ AT=p)][p+221 - p)]"T(9)(p)2| LIdo
up™p+21(1 = p)]"[1+ A1 = p)](p)2(T[8 4 6])*
(E=G)p -l ’ T4 41— 29) 0 + AL~ 2p)PE(8) (o)1 T8 + 29
P —2p)] m
pll+AQ=2p)] )]

The inequality is sharp for each y € C.

Proof. The function ¥(z) = ptlp G+[(li7Gi])(p ~92 has the Maclaurin series expansion of

the form

Y(z) = ¥(0) + ¥ (0)z +¥"(0)z% + ...
=p+(F-G)p—a)z—G(F-G)(p—a)z®+..., z€ Q.

Replacing Ly and L, with (F — G)(p —«) and —G(F — G)(p — «), respectively, in Theorem 4,
we obtain the assertion of the Theorem. O

Letting p = b = 1 and « = 0 in Corollary 3, we obtain the following result.

Corollary 4. If f(z) € M satisfies the condition

RV (6, 9, 0)f(2) TH+G]

2[R0, 8,0)f(2)] |, 1+Fz

then for all y € C we have

(F—G)|F[l9+29]|{dl

_ i <
o — | < T(8)(0)2] do

u(0)a(T8 + 6))2
(F- G)’ (= A E(0) (), P9 7 20] 1‘} ]

+ max{1; G+

The inequality is sharp for each y € C.

Letting ©(z) = 1,0 = p = m = 1 and # = a = 0 in Corollary 3, we obtain the
following result.

Corollary 5. If f(z) € M satisfies the condition

zf'(z) 1+ Fz

C(I=Nf(E) +Azf () + 2 1+ Ge] (A#1),

then for all y € C we have

'al—ya%‘ < (F;G) max{l; G—l—(F—G)‘(lZVA)ZL—l’}.

The inequality is sharp for each u € C.

Remark 4. For the choice of A = 0, F = 1 —2vy and G = —1 in Corollary 5, we obtain the
Fekete—Szeg6 inequality for the class MS7 (7y).

Now, we will obtain the Fekete-Szeg6 inequality for functions in KLCY' (B, p, 0, 8; b; ).
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Theorem 5. If f(z) = z7P + Y32 ;2177 € KCY(B, p, 0, 8; b; @) with ®(z) =1+ L1z +
Lyz2 + L3z3 + -+, (L1 > 0; z € Q), then for all u € C we have

Lip" o+ T [9 + 26]| { di
[p+2A1 = p)|"[6(2—p) +p(1 = B)IT(F)(p)2| LIdo

where x is given by

w_1(1_Lz_Lw%pwu—wxl—m+vw—4x1—pf+2ﬁu—ﬁf]
-2 Ly 2p°T2(=1)°[6(1 — p) + p(1 — B)]?

‘lh —IM%’ < |

+ max{1; |2k — 1|}}

" L [p £ 201~ p)"[5(2— p) + p(1 = B))(p)a(T[6 +6])* )
2(=1)%[p + A(1—2p) 2" [6(1 — p) + p(1 — )T () [(0)1 T [0 + 20]

The inequality is sharp for each y € C.

Proof. Using (7) in the left hand side (8), we obtain by expanding

OVHRYTO, 8,0 @ _([5(1—p>+<1—ﬁ>m)rw><p>1
[(1 —BIRY(0, 9, p)f(2) + ﬁZ‘P} p T8 + 6]

(_p)g(pwlzm)maoz_ [ I6)p): (pm(lp))m

p '[9+ 26] p
BC=p)+pA =B\, _ o, [00=p)A=p) E-D(A-p? . o>
( : )(=pt - {SLZDAZB SOZDOZPE 4 o pye)
2 o m
() (25 o
Retracing the steps as in Theorem 4, we obtain
‘a B az‘— B L1 (—1)°dop™ +O+1bT[9 + 20] b, _e%(l_u
T T AT PR P AT @) [ 2\ L
_ Lybdo[26p(1 = p)(1 = ) +8(6 = 1)(1 = p)? +2p*(1 — /3)2])} 1)
2p?2(=1)°[6(1 = p) + p(1 = B)I?

p(T[8 + 0))*6°LEp*" 2d3 3
4p2 (L(8)2[5(1 = p) + p(1 = B)[p + A(1 = 2p) " [(0)1]2|

Using Lemma 3 in (4), we obtain the assertion of the Theorem. [

Lettingp =b=1and ¥(z) = %jéi in Theorem 5, we obtain the following result:

Corollary 6. If f(z) € M; satisfies the condition

2[R0, 8, p)f'(2)]° L AFFz

Ja-pRY6, 0, o) +pzv] T FEE

then for all y € C we have

2(F — G)[T[8 + 26| {dl
51 BIT@) (o)l || o
uls = B+1](p)2(T[8 + 6])>
(F=G) ’ 21— B (8)[(p)1 T [0 + 20] (1~ )P 1‘ H

’al—ya%’ < +max{1,’ |G|+

The inequality is sharp for each u € C.
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Ifweletm = A =0 = =0and p = 1in Corollary 6, we obtain

Corollary 7. If f(z) € M satisfies the condition

z[f'(2)])° 1 1+ Fz
f(2) T+G

then for all y € C we have

v = ] < |2 maxg 61+ (F - Gl + 1) - 113

The inequality is sharp for each y € C.

Applications in the Bernoulli Lemniscate and Nephroid Domains

Mendiratta et al. in [41] defined a class of functions subordinate to

VI (VI o 1=z
@) = V2= (v2-1) Jl—l—Z(\/i—l)z

The function ®(z) = /2 — (\ﬁ - 1) Hzgﬁ maps the unit disc onto interior of the

2
left half of the shifted lemniscate of Bernoulli [(u —V2)2 + 02} - [(u —V2)2+ 02} =0

(see Figure 1a). The function ®(z) has a Maclaurin series of the form

5 3 71 51 589 415
P(z)=1+(7——F72]z+ —)zz+<—)z3+Oz4.
. (2 ﬁ) (8 42 16 82 2
In [42], Wani and Swaminathan introduced and studied a class of functions subordinate
to ®(z) = 1+ 2z —23/3. The function ®(z) = 1+ z — z%/3 maps the unit disc onto a
2
region bounded by the nephroid [(u —1)2+0v*— %} - % = 0 (see Figure 1b), which is

symmetric about the real axis.
Ifweletm =A=0=8=0b=6=p=10(z) =1and ®(z) = V2 -

(\ﬁ — 1) HZ(sz—l)z in Theorem 5, we obtain

Corollary 8. If f(z) € M satisfies the condition

_zf'(2) (Vi) |z
< V2 (Ve \ll+2(\/§1)z’

then for all y € C we have

‘m —Plﬂ%‘ < (S_Lf\@)max{l; 6\/3_7 + 5_3ﬁ|2#_1|}-

2
The inequality is sharp for each y € C.

Ifweletm=A=0=8=0,b=30=p=1,0(z) =land ®(z) =1+z—23/3in
Theorem 5, we obtain



Mathematics 2022, 10, 600 13 of 15

Corollary 9. If f(z) € M satisfies the condition

_z#f'()
f(z)

<1+z-2%/3,
then for all y € C we have
1 1
‘al —ya%‘ < 2max{l; 3t 2y—1|}.

The inequality is sharp for each y € C.

(a) (b)
Figure 1. (a) Mapping of Q under ®(z) = V2 — (ﬁ — 1) % (b) Mapping of () under
the transformation ®(z) =1+ 2z —2z3/3.

5. Discussion

As a preclude to the Conclusions section, in this section we will highlight the sig-
nificance of our main results and their applications in detail. With a primary motive to
consolidate the study of the famous a-convex function with starlike and convex functions,
Al-Oboudi in [43] defined an operator containing a convex combination of analytic func-
tions. However, the same meromorophic analogue of the Al-Oboudi operator could not
be defined to unify the meromorphic a-convex function with other geometrically defined
subclasses of M. Aouf in [4] intelligently defined an Al-Oboudi-type operator for func-
tions in Mp in such a way that normalization could be retained. In this paper, we extend
the operator defined by Aouf in [4] by replacing f with f ICS/ 4(2), where x denotes the

Hadamard product and Kg, ¢(2) is the normalized meromorphic function with the Prahakar
function in the kernel.

The family of functions KCY (B, p, 6, 0; b; ®) (see Definition 1) is defined to include or
unify the study of J-pseudo starlike functions. Furthermore, to add more versatility to our
study, we defined the class KLCY' (B, p, 0, 9; b; @) by subjecting a certain analytic characteri-
zation quasi-subordinate to a more general function. The other class MB% (p, 6, 0; b; ®)
(see Definition 2) was defined to extend the study of Ghoos et al. [31].

The other significant deviation from previous studies is that we obtain conditions
so that d-pseudo starlike functions are quasi-subordinate to a general function. Hence,
if we let ©(z) = 1, then our results in Section 3 will reduce to a subordination condi-
tion for starlikeness. The method to obtain the solution to the Fekete-Szeg6 problem of
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MBY(p, 0, 0; b; @) and KCY (B, p, 0, ¥; b; @) is the same as that employed by various
authors. However, several new and classical results can be obtained as a special case of our
main results.

6. Conclusions

The extension and unification of various well-known classes of functions were the
main objective of this paper. We defined a new family of multivalent meromorphic func-
tions of complex order using a differential operator, to unify the study of various classes
of meromorphic functions. Inclusion relations, Fekete-Szeg6 inequalities and sufficient
conditions for starlikeness for the defined function class were established.
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