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ARTICLE INFO ABSTRACT

Article history: The present work is devoted to developing two numerical techniques based on frac-
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- . first scheme is introduced based on the idea of operational matrices generated using
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integration, whereas the second one is based on operational matrices of differentiation

Keywords: using the collocation technique. We apply the Riemann-Liouville and fractional deriva-
Integro-differential equations tive in Caputo’s sense on Bernstein polynomials, to obtain the approximate solutions
Fractional calculus of the proposed FIDEs. We also provide the residual correction procedure for both
Stability analysis methods to estimate the absolute errors. Some results of the perturbation and stability

Bernstein functions
Wavelets
Numerical simulation

analysis of the methods are theoretically and practically presented. We demonstrate the
applicability and accuracy of the proposed schemes by a series of numerical examples.
The numerical simulation exactly meets the exact solution and reaches almost zero
absolute error whenever the exact solution is a polynomial.
We compare the algorithms with some known analytic and semi-analytic methods.
As a result, our algorithm based on the Bernstein series solution methods yield better
results and show outstanding and optimal performance with high accuracy orders
compared with those obtained from the optimal homotopy asymptotic method, standard
and perturbed least squares method, CAS and Legendre wavelets method, and fractional
Euler wavelet method.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Fractional integro-differential equations (FIDEs) have attracted a great importance for modeling several problems
in fluid mechanics [1], physical system [2] , dynamical system [3], radio astronomy [4], seismology [5], and electron
emission [6]. Note that, the analytic solutions are usually hard to obtain. Alternatively, and due to the wide range of
applications of FIDEs, the research community has shown a great contribution for developing numerical methods to
find approximate solution to these FIDEs. For instance, Ahmed and Elzaki [7] applied some numerical methods to find
the comparative study of fractional integral-differential equations. The Least squares method and shifted Chebyshev
polynomials are introduced in [8] for solving several types of FIDEs. A numerical technique based on the discrete
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collocation method have been used in [9] to solve a class of FIDEs, hat basis functions [10] and Galerkin method [11].
Recently, the authors in [12] have used Riesz wavelets in L,(R) to solve singular fractional integro-differential equations
with some biological applications. Fractional nonlinear Volterra-Fredholm integral equations involving Atangana-Baleanu
fractional derivative are also investigated in [13], and Bernoulli wavelet method for numerical solution of anomalous
infiltration in [14].

Bernstein polynomials method (B-polynomials) is one of the most important numerical methods that been considered
to solve different type of differential equations. For example, the authors in [15] have employed the B-polynomials to solve
a class of ODE system. It is also used to solve third order ODEs with application to fluid flow in [16]. An improvement on
the constant in Videnskil's inequality for B-polynomials is introduced in [17]. Fractional Bernstein series solution based
on the B-polynomials are introduced to solve diffusion equations with error estimate [18]. See [19-22], and references
therein for more details.

FIDEs are widely used in many areas of applications in physics, engineering and many other applied sciences, see for
example [23]. It is worth to state that an extensive development of fractional calculus has been concluded to describe
many applications that using FIDEs. Here, we consider a class of FIDEs defined by,

X u(t) X
D*u(x) = u(x) + Aq / dt + X, / K(x, t)u(t)dt + h(x) (1)
0o VX—t 0
under the initial condition,
D*u(6)=u;. n—1<a<n neN, 0<§<R, (2)

where K(x, t) and h(x) are known continuous functions on [0, R], D“u(x) denotes the fractional order derivative of the
unknown u(x), and §, A; and u; are constants.

In the present work, two numerical techniques are introduced to solve Equation (1) by the means of the matrix relations
between the Bernstein polynomials B,(x) and their integrations and derivatives. Riemann-Liouville fractional integral
operator is applied to introduce Bernstein operational matrix of integration ¥(x), as well as Caputo sense is applied to
introduce Bernstein operational matrix of derivative Q(x). To show the efficiency of the proposed methods, we obtain
the operational matrices of differentiation for the problem which has non-smooth exact solution. We compare the results
with some known methods such as the optimal homotopy asymptotic method, Standard and Perturbed Least Squares
Method, CAS Method and Legendre wavelets method and fractional-order Euler functions method.

The structure of this paper is organized as follows. In Section 2, we provide some preliminaries needed on fractional
calculus and necessary definitions related to Bernstein polynomials. In Section 3, the main section, we discuss two
numerical algorithms, the Bernstein series solution (BSS) by using operational matrices of integration (we call it the
BSSI) and the BSS by involving operational matrices of differentiation (we call it the BSSD), to solve the proposed FIDEs.
Employing the conditions and applying the Gauss elimination procedure yield the unknown coefficient matrices. To
estimate the absolute error and the stability of the methods, we give the residual correction procedure in Section 3.3.
Section 4 illustrates some numerical experiments to validate the method for different values of n and the conclusion can
be seen in Section 5.

2. Fractional Bernstein polynomials

In this section, we present the definition of Bernstein polynomials and some preliminaries and properties of the
fractional calculus needed through out the paper [18,24].

Definition 2.1. A real function u(x), x > 0, is said to be in the space C,, u € 9, if there exists a real number p > u, such
that u(x) = xPu;(x), where u;(x) € C(0, 00), and it is said to be in the space C; if and only if h™ ¢ Cu,neN.

Definition 2.2. The Riemann-Liouville fractional integral operator (J*) of order « > 0, of a function u € C,, u > —1, is
defined as

Ju(x) = ﬁ /OX (x —)* ux)ds (a > 0),
Ju(x) = u(x), (3)

where I'(«) is well-known gamma function. Some of the properties of the operator J, which we will need here, are as
follows: Forue C,, 0 > =1, 0, > 0and y > —1:

L o) u(x) = J**Pu(x),
2. J4Pux) = JP]ou(x),

ayy — _Ty+1) +y
3. %% = maman X
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Definition 2.3. The fractional derivative (D*) of u(t), in Caputo’s sense is defined as

1 t
D%u(x) = 7/ (x — )" TuM(x)ds, (4)
F(n — Ol) 0
forn—1<a<nneNx>0ue(C",.
The following are two basic properties of the Caputo fractional derivative [25]:

1. Letu € C",,n € N. Than D*u, 0 < o < n is well defined and D*u € C_;.
2.letn—1<a<nneNandueC" u>—1.Then

w
n—1 © Xk
*DNu(x) = u(x) — Yy uoM)=—. 5
J“D*)u(x) ()g (0" (5)
For the Caputo derivative we have
D% =0, (c constant), (6)

0, for BeNy and B < [e],

DxP = _ 7
* { F(Fﬂ(fiﬂfx)xﬁ “ for BeNy and B> [a] or B> |a]. (7)

Bernstein polynomials of nth degree are given by the following:

n) x{(R—x)"t

. . t=0.1.2...n xe[0.R] (8)

Bt,n(x) = (

By substituting x — x“ into By n(x), we obtain By ,(x), namely fractional Bernstein polynomials, as

. n X[a(R—Xa)rF[
Btyn(x) = (t)T O<a<l, (9)
t=0,1,2,...,n xe[0,R].

3. The numerical techniques

In this section, we provide two solution methods based on the fractional Bernstein polynomials to solve FIDEs
numerically. First, we introduce the first method constituted by Bernstein polynomials and operational matrix of
integration. The second method is performed based on Bernstein polynomials and operational matrix of differentiation.

3.1. BSSI method

We want to approximate the exact solution by the truncated Bernstein series of degree n. Based on the definition
of Bernstein polynomials in Section 2, we can write the approximate solution, Bernstein series solution obtained by
operational matrix of integration (BSSI), of Eq. (1) as

u(x) = Ba(x)Z, (10)
where,
2o
Z1
B,(x) = [BO,n(X) Bin(x) Byna(x) --- Bn.n(X)] , L=
Zn

Note that, [B,(x)]" can be written as

BO.n(X)
Bl,n(x)

[By(0]" = | B2 | = x0T,

Bun(x)
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where

d00 dOl d02 e dOn
le dll d12 e dln 2

D = . . . . , Xx)=[1 x x x"],
do dpp dip ... dm
=y ) <

o=| SOC) 1=

0 , 1>]

Now, the approximate solution in (10) will be given as
u(x) = X(x)D'Z. (11)

Using Riemann-Liouville fractional integral operator, the relation between the matrix X(x) and its integration J*[X(x)]
can be introduced as

o ra a re) ,i+a I'(n41) o
JUIX(x)] = I:F(OH—])X Teta)X B r(niwoz)xmr ] . (12)
Therefore, Eq. (12) will be given by the following
ra) o
FarnX r(zo) ... 0
0 x* ... 0
FIXEI=[1 x 2...xY Fz) (13)
i i . rnt1)
0 0 o TarreX
Then, from the matrix form defined in Eq. (13), we have
JEIX(x)] = X(x)®(x), (14)
where,
()
F(H])x" r(g et 0
0 X 0
w(x) = et (15)
: : T
0 0 .- F(n-?—1+a)x
Now, if we define the integration of Eq. (11) as
J¥[u(x)] = J*[X(x)D'Z] = [J*X(x)ID"Z, (16)
then, from the relations in (14) and (16), we conclude the operational matrix of integration J* as
J¥u(x)] = X(x)¥(x)DZ. (17)
For the part A4 fox Li(;)é?dt in the above equation, and using the formula given in [26], we have
/* " A1)
0 JX—t r(n+3) '
By using Eq. (11), we get
X y@(r) X X(t)
A dt = A dt |D'Z = 1,0,D"Z, 18
[ G pz=no 1o

where

[vmxirq) Jaxire) S (n 4 1)

"_[ re) rég r(n+3) }

Now by applying the Riemann-Liouville fractional integral operator J“ into (18), we have the following relation
J¥[A10,D"Z] = 1,0,D"Z, (19)

where 0, = J*[04]. Note that, for the part A, f(;‘ K(x, t)u®)(t)dt, we have

X X
Ao / K(x, Ou@(t)dt = 1, [ / K(x, t)X(t)dt:| D'Z = A,5D"Z, (20)
0 0

4
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where

sz[ fxl((x,t)dt f Kix tede ka(x,t)t”dt].
0 0 0

By applying the Riemann-Liouville fractional integral operator J¢ into (20), we get the relation

J¥ [22SD"Z] = 1:S,D"Z, (21)
where S, = J%(Sx). Again, applying the operational matrix of integration J into (1), we get the relation
Jﬂmun=ﬁuwn+ﬂ[m :V;?tM]+ﬂ[uijxnmnm]+ﬂmu» 22)
Now, substituting the matrix forms given in Eqs. (17), (19), and (21) into (22), we conclude the following equation
u(x) = u(0) +J* [u(x)] +J*[210,D"Z] + J* [125D"Z] + R(x). (23)
Thus,
X(x)D'Z — X(x)¥(x)D'Z — 1,0,D'Z — 2,8,D'Z = u(0) + R(x), (24)
where R(x) = J*[h(x)], and so
[X(x)D" — X(x)®(x)D" — 1,0,D" — 2,5,D"]| Z = E(x), (25)

where E(x) = u(0) + H(x).
By using the collocation points {x; : 0 <i < n} in ), the matrix V = V(,+1)x(n+1) Will be obtained, where

V = X(x)D' — X(x) & (x)D" — 1,0,D" — 1,S,D". (26)
The collocation points that we consider here are the roots of Chebyshev polynomials given by
L
2 2cos((2i+ 1))’
So, the main matrix Eq. corresponding to Eq. (1) can be formed as augmented matrix

VZ=E or [V;E]. (28)

X; = =0,1...n. (27)

For the initial conditions given in Eq. (2) and based on Eq. (11), we can obtain the corresponding matrix forms as
X(6D'Z=1[y], 0<8§<R, i=0,1,...,m. (29)
Hence, we have
YiZ=[u], i=0,1,...,m, (30)
where,
;=X i=0,1,...,m. (31)

Combining [V, E] and using the Gauss elimination method, we obtain [}, u;]. So, the new system will be of the
following form [V, E]

[ﬁﬁ=(¥’ E>, (32)

, U

which can be easily solved.
3.2. BSSD method

Let us constitute the second method by applying operational matrix of derivative with applications. We want to get
an approximate solution, namely Bernstein series solution obtained by operational matrix of differentiation (BSSD), for
the proposed problem

u(x) = By(x)C, (33)

where C is the unknown coefficient matrix. A Similar argument to the BSSI method, the BSSD solution and its fractional
derivative can be written as

u(x) = X(x)D'C. (34)
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Then
D%up(x) = [D*X(x)] D'C. (35)

By using the Caputo definition in (7), the relation between the matrix X(x) and its derivative D*[X(x)] can be introduced
as

_ re) -« _IG) 2« Ln+1) n—a
DU[X(x)] = [0 I‘(Z—a)xl r(a—a)xz T TaraX ] . (36)
The Equation defined in (36) can be written as
0 0 0 ... 0
re) -
0 FHikx m? . 0
DX =[1 x x..x] © 0 eaX e 0 . (37)
: : : )
0 0 0 R
So, we have
D¥[X(x)] = X(x)$2(x), (38)
where,
0 0 0 0
re) -
0 Fptkx m)o . 0
: : . It e
0 0 0 A
Hence, we can write the relation in (35) as
u®(x) = X(x)Q(x)D'C. (40)
Now, using the formula (given in [26]),
/X AN G AU )
0o VX—t r(n+3) 7
X u(a)(t) . . .
the part Aq fo J”ﬁdt in Eq. (40) can be simplified as
“u(r) *OX(t)
A N “dt=a / dt | (x)D'C = 4,Q,2(x)D'C, 41
10m 1[0\/m1|() 1Q2(X) (41)
where,
oo JII(1)  Jaxi[(2) S+ 1)
rQ) reg rm+3) '
Similarly,
X X
Ao / K(x, t)u(t)dt = A, [ / K(x, t)x(t)dt} Q(x)D'C = A,5,2(x)D'C, (42)
0 0
where,
X X X
Sy = [/ K(x, t)dt / K(x, t)tdt ... / K(x, t)t”dt] .
0 0 0
Substituting Egs. (40), (41) and (42) into Eq. (1), we obtain the substantial matrix equation
[X(x)2(x)D" — X(x)DT — 21Q.2(x)D" — 1,5,2(x)D'] € = H(x). (43)

By substituting the collocation points {x; : 0 < i < n} into Eq. (43), the matrix V(n41)x(n+1) Will be obtained. The collocation
points are given by the following relation, where

xi=—-, 0<i<n. (44)
n
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Hence, Equation in (43) become,

[XeD" — XD" — 1;Q0D" — 1,S0D"|C =H, (45)
which can be written as a fundamental matrix form given by,

WC=H or [W;H], (46)
where,

W = XD — XDT — 4,00D" — A,S0D".

The initial conditions in (2) can be written in the matrix forms as follows

X(@$)D'C=[w], 0<8§<R, i=0,1,
or
YiC=[u]=1[up upn ... upl, i=01,...,m (47)
Combining [W, H] and [Y;, u;], we obtain a new system [W, H],
[(/,\iv]:( M ) (48)
If the matrix W is square matrix and invertible, then we can find the unknowns C = [cy, ¢; --- c¢u] by
C= (W) 'H.

Note that, we omit the stability analysis and residual correction procedure for the method as it can be done in the same
fashion to the stability analysis of the BSSI given in Section 3.3.

3.3. Stability analysis of BSSI and residual analysis

In this section, we will constitute the stability estimation as follows. Suppose that the solution of the perturbing system
is 1, i.e,, u} is the solution of the following perturbing system:

u([")(t)
x—t

u(x) = u(x)—i—M/
0

uD(8) = u; +e.

X
dt + X, / K(x, u@(t)dt + h(x),
0

Then, performing the proposed method yields the following:
VC = Z+AL. (49)
Let CP = be the perturbed solution of (49). Then, C is bounded as follows [27]
flaci < ond(v)m.
icli 1Z]
Similarly, for the error that may occur in V as a result of arithmetic operations, we consider the perturbed problem
(V+AV)C=Z+ AZ (50)

As the same notation, the change in C caused by perturbing the initials and arithmetic operations is bounded above as
follows [27].

laci _ cond(V) ( lav| | az| )

e = UV
i
Thus, for the given Eq. (49) and based on the BSSI we have,
|un(x) — uh(x)| = [Ba(x) (C = (C+ AQ))| (51)
< IB.(x)]l [ AC]] .
- 1az[ ici
< IBx(x)|l Cond(V)W.

A Similar conclusions can be achieved for Eq. (50)
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To construct the residual correction procedure for the problem, let R, be defined as follows,

x (@) X
Ra(%) = UZ(X) — tn(X) — 2y /0 \u/';gdt—kz /0 K(x, u@(e)dt.

Then, adding and subtracting the term R, from Eq. (1) gives the following problem for the absolute error

(Ol) X
e%(x) = en(x) + Ay / dt + Az [ K(x, £)el(t)dt + h(x), (52)
0

where e, = u — u, with the followmg initial condition
e“)(8) = 0. (53)

By applying the method into Eq. (52) with the condition (53), we can obtain an approximate solution, which is denoted
by en m, for the absolute error where m is the degree of approximation.

Note that up m = u,+en m is another approximate solution, called corrected BSSI solution, and its error function is ep n.
If H en — enm || < |ly — enll, then uy ;, is a better approximation than u, in the norm. On the other hand, we can estimate

en by e, m whenever H en — en.m ” < ¢ is small.
4. Numerical implementation

In this section, four examples are considered to illustrate the properties and effectiveness of the methods. Three of
them have the smooth exact solutions and the last one has the non-smooth exact solution. We compare the results with
some known methods.

Example 1

Consider the fractional integro-differential equation,

8X1.5 _ 6X0.5 X 1
(0.5) _
u )= —o--— + — + xtu(t)dt, 54
0=+ /0 () (54)
with an initial condition,
u(0) =

The exact solution (see [28,29]) of this problem is given by
ux) = x> — x.
By applying the BSSI method into Eq. (54), we get the relation
8x15 _ Gx05 X ]

1
0.5 [,,(0.5) 0.5 0.5 e
12 [u®¥ )] =7 [/0 xtu(t)dt] +]J [ NG + P

which can be written as
1 SX]‘S _ GXO.S X
ux—”/xtutdt =u(0)+J% | —— + —|. 56
x)—J ; (t) 0)+]J 3r 3 (56)
The fundamental matrix equation for Eq. (54) is obtained as
[X(x)DT — X(x)®(x)D" — S,D'| Z = E(x). (57)

By substituting the collocation nodes (27) into (57) when n = 2, the following matrices are obtained,
r()

Ta5% 0 0 1 0 0
T(x) = 0 2) x05 0 , D'=( -2 2 o],
X

res) r@) 1 2 1
0 0 T(35) N

Zo 0 0.7250 0.2429 0.0109 0.1214
Z=| z; |=| =05 |, V= 0.7250 0.2429 0.0109 |, E=| 0.1214 |.
Z 0 —0.0279 0.1511 0.5802 0.0755
Then, by using Eq. (11), the BSSI solution is obtained by the following

1 0 0 0
ux)=1[1 x xz](—z 2 0)[—0.5}:%—&
1 -2 1 0

which gives the exact solution.
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Table 1

A comparison between the BSS algorithms and other methods for Example 1.

X SLM [29] PLM [29] OHAM [28] BSS methods
0.0 3.48 x 1073 1.08 x 107° 0 0
0.1 1.67 x 107 9.10 x 1073 0 0
0.2 2.74 x 1076 7.88 x 107 0 0
0.3 7.26 x 107 7.13 x 107° 0 0
0.4 1.32 x 107° 6.84 x 107° 0 0
0.5 1.51 x 1073 7.01 x 107° 555 x 10717 0
0.6 1.31 x 107 7.62 x 107° 0 0
0.0 6.99 x 1076 8.67 x 107> 0 0
0.8 3.15 x 1076 1.01 x 1074 1.11 x 10716 0
0.9 1.73 x 107 120 x 10~ 1.11 x 10716 0
1.0 3,55 x 1076 1.43 x 1074 1.11 x 10716 0

Results in Applied Mathematics 14 (2022) 100258

If we apply the BSSD method to solve the problem in Eq. (54), the fundamental matrix equation for Eq. (54) is obtained

as
[XeD" —sDp"|Cc=H.

For n = 2, we get the following matrices,

0 0 0
r2) ,-05
Qx)=| 0 X r(3)0
—05
0 0 TG5X

0.0477 0.0477 0.9730 1 -2 1

—-0.7915 -0.7915 —-0.9697 1 0 O
W= 0.6705 0.6705 —0.4301 |, D'"=( -2 2 0], H=

Using collocation points in (44) with n = 2 and substituting these points to Eq. (58),

(1]

Now, from Eq. (11) the BSSD solution is obtained as

1 0 O 0
ux)=1[1 x x2]<—2 2 0)[—0.5}:%-;@
1 -2 1 0

(58)

which gives again the exact solution. Note that, for both methods the exact solution is obtained for n = 2. We compare
these results with optimal homotopy asymptotic method (OHAM), Standard Least Squares Method (SLM) and Perturbed
Least Squares Method (PLM). All of them ended up with the exact solution whereas the methods SLM [29], PLM [29]
and OHAM [28] ended by an approximate solution within a good accuracy, however not exact for n = 2 and for this
specific example. Table 1 presents the error bound achieved using the BSSI and BSSD methods and compared with other

techniques.
Example 2

Let us consider the fractional integro-differential equation [30]
1 (% u(t) 1 !
D(O'zs)ux:ff dt+7/ x — tu(t)dt + g(x),
(x) 2, ot 3 ), ( Ju(t)dt + g(x)
with an initial condition is u(0) = 0, where
I(3) x1.75 I(4) X275 _ ﬁF(3)X5/2 _ ﬁF(4)X7/2 X
Ir(2.75) I(3.75) 2I°(7/2) 2I°(9/2) 36
The exact solution of this formulation is

g(x) =

ux) = x> + x>

Consider n = 3, and apply the BSSI method, we get the following

X 1
025 [u(o.25)(x)] — o |:1/ u(t) dt:l 40 [;/ (x — t)u(t)dt] 0% [g(x)].
0 0

2 JXx—t

9
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Table 2

Isik et al.
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A comparison between our methods fro n = 3, and other methods for Example 2.

X CAS method [30] Legendre wavelets method [30] BSSD method  Exact

0.0  0.0400000000 0.0000000000 0.0000000000  0.0000000000
1/6  0.0900000000 0.0600000000 0.0324074074  0.0324074074
2/6  0.1900000000 0.1800000000 0.1481481481 0.1481481481
3/6  0.4000000000 0.4000000000 0.3750000000  0.3750000000
4/6  0.7200000000 0.7800000000 0.7407407407  0.7407407407
5/6  1.1800000000 1.2800000000 1.2731481480  1.2731481480

and the matrix equation

1 1
[X(X)DT - onDT - 3sxl)T] Z = E(x),

where,
ra) ,0.25
s r(2)0 0 0
0.25
‘I’(X) — 0 F(ZAS)X r 3)0 0 ,
0 0 ﬁXO.ZS 0
r'4) ,0.2
0 0 0 T45)X °
1 0 0 O —0.2472 —0.2201 0.0956 0.8191
D' — -3 3 0 O Ve —0.2444 —0.0513 0.3249 0.1155
- 3 -6 3 0| - —0.1587 0.2518 0.1860 0.0271 ’
-1 3 =31 0.6157 0.2708 0.0634 0.0313
20 0 1.1786
|z | 0 | 0.6255
=15 |T| 1| BT o1sss
Z3 2 0.0716

Thus, the BSSI solution reveals the solution as x> + x2, which is the exact.
If we apply the BSSD method to the problem, the fundamental matrix equation for Eq. (54) is obtained as

[X(x)n(x)DT — %an(x)DT — %Sxﬂ(x)DT] C = H(x).

By applying the method with n = 3, we get the following matrices

0 0 0 0
r2) ,—05
Q(x) = O e F(B)O —05 0
0 0 F(3.5)x : r(4)0
—0.5

0 0 0 T(45)
—1.11457 —1.244036 —1.2272 —0.43640 1 0 0 O
W= —.3697304 —.240228 0.370244 0.2735 D' — -3 3 0 O
- —.457121 2139 27826 0.058117 ’ - 3 -6 3 O
0.8066644211 0.08699 0.9730 0.063659 -1 3 -3 1

Putting in the discretized points to Eq. (60) yields the following matrices,

1.4609 Co 0
Ho| 08213 | | o |_| 64850 —20
= | 0.2667 o |7 0.3334
0.1466 Cs 1.9999

Hence, the BSSD solution is obtained as 1.9455(E — 19)x + 1.0x> 4 0.9999x2.

In Table 2, we provide some numerical experiments for the BSSD solution when n = 3 compared with some known
methods. It is clear that the BSS methods gives us more accurate results than the CAS wavelets and Legendre wavelets
methods [30] for this problem. The approximate solutions obtained by BSS methods for n = 2 and n = 3 are depicted in
Fig. 1. Table 3 shows the stability results based on the BSSD method.

10
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2 7 2 7
/ /
/ /
// //
1.5 / 1.5 /
/
/ /
/ /
1 1 /
/
/ /
/ /
/ 4 / 4
0.5 ‘/. 0.5 ‘/~
Ve 7
b P
7 re
// //
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
— — Exact----- BSSI, n=3 — — Exact----- BSSD, n=3
Fig. 1. The BSS solutions for n = 2 and n = 3 with the exact solution for Example 2.
Table 3
Stability results of the system obtained by BSSD method for Example 2.
n=2 n=3 n=4
cond(W) 12.82 15.24 28.07
lacl 8.00 x 1071 119 x 107 1.07 x 107°
Icl 1.92 2.00 2.00
| AH|| 10716 10716 10716
IH|l 1.38 1.46 1.49
Upper bound obtained by (51) 7.12 x 10°"® 1.66 x 10~ 599 x 10~
Jun — uf 1.0 x 107 2.0 x 107 3.0 x 107'°

Example 3

Now, we consider the following fractional integro-differential equation [31]

D%u(x):p(x)u(x)—i-/ u(t)
0

Vx—t

dt + g(x),

where the initial condition is given to be u(0) = 0, and

g(x) F(%)X 3

6 s 32 r(ré)

r)

3

W4 I P =

11

35

(61)
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Table 4
The absolute error of the BSSD solution for n = 3, 6, 8 for Example 3.
X n=3 n==6 n=3y
0.0 0 0 0
0.1 554 x 10~ 1.58 x 1073 151 x 10~
0.2 6.93 x 1073 1.35 x 10~ 469 x 107
0.3 1.07 x 1072 1.10 x 1073 487 x 107
0.4 1.10 x 1073 1.02 x 107 375 x 107
0.5 8.61 x 1073 1.16 x 1073 368 x 107
0.6 455 x 1073 1.10 x 1073 173 x 107
0.7 519 x 107 8.54 x 107 483 x 1074
0.8 1.69 x 1073 6.77 x 1074 1.16 x 1074
0.9 1.68 x 10~* 510 x 10~* 223 x 107*
1.0 7.12 x 1073 353 x 1076 2.73 x 1076
Table 5
The correction procedure of the BSSD solution for n = 3, and m = 10, 12, 14 for Example 3.
x e " "
0.0 0 0 0 0
0.1 554 x 107* 3.01 x 107 123 x 107 859 x 107
0.2 6.93 x 1073 270 x 107 920 x 107 1.19 x 107
0.3 1.07 x 1072 1.34 x 107° 1.16 x 107 1.22 x 1072
0.4 1.10 x 1073 2.18 x 1074 1.78 x 1074 1.00 x 107°
0.5 8.61 x 1073 2.54 x 107 1.24 x 1074 9.42 x 107>
0.6 455 x 1073 5.15 x 107> 5.90 x 107° 5.88 x 107>
0.7 5.19 x 107 1.86 x 1074 5.47 x 107° 8.16 x 107>
0.8 1.69 x 1073 2.32 x 107* 6.02 x 107 387 x 107
0.9 1.68 x 10~* 1.21 x 1074 592 x 107 1.74 x 107>
1.0 7.12 x 1073 2.14 x 107 6.00 x 107° 5.00 x 107
Table 6
Stability results of the system obtained by the BSSD method for Example 3.
n=3 n==6 n=10
cond(W) 16.7202 107.7649 1685.8626
lAC| 2.2981 x 10716 3.0 x 1072 22 x 1071
Il 1.9928 1.9999 2.0000
I|AH]| 10-16 10-16 10-16
I1H|| 2.0813 2.2989 2.3483
Upper bound obtained by (51) 1.6009 x 10713 9.3842 x 10°P 1.4359 x 10713
[|un — w2 2.5 x 1071 2.50 x 10716 3.5 x 10716

The exact solution here is defined as

ux) = x> +x%.

Results in Applied Mathematics 14 (2022) 100258

By applying the BSSD method for n = 3, n = 6, and n = 8, the results are tabulated in Table 4. We apply the residual
correction procedure given in Section 3.3 to the problem for n = 3 and m = 10, 12, 14 where some of the numerical
observations are presented in Fig. 2 and Table 5. We can say from Fig. 2 and Table 5 that the absolute error for n = 3 is
estimated well by using the residual correction procedure. We get the corrected solutions for n = 3 and m = 10, 12, 14
and give the absolute errors in Fig. 3. It can be inferred from Fig. 3 that the corrected solution is better than those obtained
from the BSSD solution for n = 3 and m = 10, 12, 14. We also show some stability results for the BSSD method in Table 6.

Example 4

Consider the fractional integral-differential equation
r(3) Xl.S_l 3,2
r(2.5)

X
u®(x) = u(x) + / u(t)dt + 3 X,
0
with initial condition defined by
u(0) =0.
The exact solution of this problem is [32]
u(x) = x%.

12

(62)
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0.0101
0.0101
0.008 0.0081
i 0.006 1
D3| 0.006 8
0.004 00041
0.002 1 0.002 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
Estimation of absolute error for n=3 and m=10 Estimation of absolute error for n=3 and m=12
0.010-
0.008
0.006
[E]
0.004 1
0.0024
0 0.2 0.4 0.6 0.8 1

X
Estimation of absolute error for n=3 and m=14

Fig. 2. Estimation of absolute error of the BSSD solutions for n = 3, and m = 10, 12, 14 for Example 3.

The fundamental matrix equation for Eq. (62) is obtained as

X r3) 1
]0.5 [u(o.s)(x)] :]0.5 [u(x)] _l_JoAs I:/(; u(t)dt] +]0.5 |:1*(2.5)x15 _ gxa _ x{| ) (63)
This can be simplified as follows.
05 os| [* _ 05| I'3) 15 _ 15 2
u(x) —J°° [u(x)] —J |:f0 u(t)dt:| =u(0)+] |:F(2.5)x 3x X :| (64)

Obtaining the matrix form yields

[X(x)DT — X(x)®(x)D" — S,D"| Z = E(x), (65)
Using the initial condition, we have

X(0)D'C = 0.
The augmented matrix is formed as

VC=Z or [V:Z]. (66)

13
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0.0101
0.0003
0.008 1
7 0% |7 0.00021
0.004 1
0.0001
0.002 1
0 T T T T , 0- T T T T T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
n=3 Correction procedure for n=3 and m=10
0.000154
0.0003
0.000104
1A 0.0002 1A
0.00005
0.0001
0- T T T T 0- T T T T T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
Correction procedure for n=3 and m=12 Correction procedure for n=3 and m=14

Fig. 3. Comparison the absolute error for n = 3 with the absolute errors obtained by the corrected BSSD solutions for n = 3, m = 10, 12, 14 for
Example 3.

For n = 2 and o = 0.5, we get the following matrices as

(1
g m? 0 1 0 0
0.5 T
T(x) = 0 res)* r(3? .| D' = —12 _22 (1) :
0 0 R
2o 0.33869 0.33869 —0.52661 0.01630
Z=| zz = —05 0.171035 0.171035 —-0.33378 |, E=| 0.01630 |.
Z 0.01630 0.01630 0.22469 0.22469

Then, by using Eq. (11), the BSSI solution is obtained as

0
(x)—[lxx]( 2 0)|: :|
— 1

which is the exact solution.
If we applying the BSSD method, then the fundamental matrix equation for Eq. (62) is obtained as

[X(x)2(x)D" — X(x)D" — 5,D"] € = H(x), (67)
14
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Table 7
The absolute error of the BSS methods for n = 2, and other methods for Example 4.

X FEFs method n = 4 [32] Legendre wavelets method n = 6 [33] BSS methods n =2

00 163 x 10716 555 x 10716 0
0.1 106 x 1071 6.66 x 10716 0
02 1.04 x 1071 9.15 x 10716 0
03 522 x 10716 127 x 107 0
04 142 x 10716 163 x 107 0
05 6.75 x 10716 2.04 x 1071 0
07 859 x 10716 252 x 1071 0
08 5.14 x 10716 327 x 107 0
09 5.06 x 10716 3.77 x 1071 0

Now, for n = 2, we get the below matrices,

0 0 0
Xx)=[1 x ¥, ax=|0 & 0 :
3,05
0 0 a5~
o 1 0 0
C=|c¢ |, D'=| -2 2 0],
¢ 1 -2 1

Using the collocation points with n = 2,
Xi=1[xo x1 x]=[0 05 1],

we have,

~[3)3)

From Eq. (11), we get an approximate solution

1 0 O 0
ux)=1[1 «x xz](—z 2 O>|:O:|:x2,
1 -2 1 1

which is again the exact one.
Table 7 shows a comparison between the BSS methods with some known techniques such as the fractional-order Euler
functions method and the Legendre wavelet method.

5. Conclusions

In this paper, we proposed two numerical techniques of operational matrices based on B-polynomials to solve a class
of integro-differential equations of fractional order. The first method (the BSSI), is constituted of operational matrices
of integral with applications, whereas the second one (the BSSD) depends on the operational matrices of derivative. We
presented the residual correction procedure for the methods in order to estimate the absolute error and study the stability
results based on the techniques. We also tested the proposed methods on some examples to demonstrate its efficiency. We
compare the methods with some known results, where it is clearly the used algorithm showed more accurate results than
those obtained by for example the optimal homotopy asymptotic method, standard and perturbed least squares method,
CAS method and Legendre wavelets method and fractional-order Euler functions method for the considered examples. The
numerical implementations indicate that these is a good agreement between the theoretical and numerical results. This
been achieved in Tables 1-7 and Figs. 1-3. Throughout the presented examples, we provided the fundamental matrices
of integration and differentiation ¥(x), @, D, V, Z, and E generated based on our techniques.
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