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To consolidate or adapt to many studies on meromorphic functions, we define a new subclass of meromorphic functions of
complex order involving a differential operator. The defined function class combines the concept of spiral-like functions with
other studies pertaining to subclasses of multivalent meromorphic functions. Inclusion relations, integral representation,
geometrical interpretation, coefficient estimates and solution to the Fekete-Szegd problem of the defined classes are the
highlights of this present study. Further to keep up with the present direction of research, we extend the study using quantum
calculus. Applications of our main results are given as corollaries.

1. Introduction

XE)=E7+ Y d, 8, (3)
n=1

Let of be the class of function of the form
which are analytic in E*={§:&ecCand0< || <1}. Shi
et al. [1] defined the class x(§) € #S,(o,7) if and only if

x®)=E+ Y a " W

h o Ex' (&)  pe“ - (27 - pe )&
R ) @

which are analytic in the unit disc E = {& : |£] < 1}. Also let

& denote the class of functions y € & which are univalent
in E. The subclasses of & consisting of functions which
map unit disc onto a star-like and convex domain will be
symbolized by §* and %, respectively. Also let & denote
the class of functions h analytic in the unit disc, given by

h€) =1+ OZO:RV,E”,EG[E,R1 >0, (2)

n=1

and satisfies Re (h(§)) >0, £ € E. For pe N={1,2,---}, we
let Z, to denote the class of functions y of the form

where || <A/2 and 7> p cos 0. Here, < denotes the usual
subordination of analytic function. The class #S,(0, ) is

the meromorphic analogue of the class of p-valent spiral-
like functions defined by Uyanik et al. in [2]. Similarly, we
let M€, (0, ) to denote the class of function in Z, satisfy-

ing the condition

By EXI”(E) < Peia_ (zr_peiia)gy (5)
X' 1-¢

Extending the class of Janowski function ([3]), Aouf [4]
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(Equation (4)) (also see [5]) defined the class h(&) € (X,
Y, p, 7) if and only if

_P+[pY+(X-Y)(p-1)w(§)
[1+ Yw(&)] ’ (6)
(-1<Y<X<1,0<7<1),

h(&)

where w(§) is the Schwartz function. Motivated by the
recent study of Breaz et al. [5] and in view generalizing the
superordinate function in (4), Cotirld and Karthikeyan in
[6] defined and studied the following relation

[(1+ Xe2) pei® + (Y = X)]h(E) + [(1 - Xe-27)peie

-7(Y - X)]
(Y +1)h(§) + (1 -Y)] ’

458 =
(7)

where —1<Y<X<1,-n/2<0<n/2,7>pcoso and h(¢)
€.

It is well-known that the function h(&)=1+&/1-¢&
maps the unit disc onto the right half plane. For an admissi-
ble choice of the parameter X =0.5,Y =-0.5, p=1,0 =7/3,
and 7=0.6, A7 () maps unit disc onto a domain which is
convex with respect to point 0.5 if h(§)=1+&/1-& (see
Figure 1). Similarly, the function h(£) =&+ 3/1+& which
is related to the class of functions associated with leaf-like
domain (see [7-9]) gets rotated and translated on the impact
of A7 (&) (see Figure 2) for a choice of the parameter X =
0.5,Y=-0.5p=1,0=n/3,and 7=0.6.

Remark 1. The purpose to study A7 () was mainly motivated
by the study of Karthikeyan et al. [10] and Noor and Malik
[11]. Here, we will list some recent studies.

(1) If we let 0 =0 in (7), then, A7 (&) reduces to

[(1+X)p +2(Y = X)]A(§) + [(1 - X)p — 7(Y ~ X)]
[(Y+Dh(E) + (1-Y)]

R(§) =

(®)

The function N(&) was defined and studied by Breaz
et al. in [5].

(2) If welet X=1,Y=-1 and h(&)=(1+&)/(1-&) in
(7), then, AL(&) reduces to 27 — pe™™ + (2(p cos o —
7)/1 - &) (see the superordinate function in (4)).

It is well-known that if y(&) given by (1) is in &, then,

the £-symmetrical function | X(Ez)]m, (€ is a positive integer)
is also in &. Let € be a positive integer and ¢ = exp (27i/¢).
For y € o, let

-1 v
x@=1y XY ©)

"
v=0 €

The function y is said to be star-like with respect to ¢
-symmetric points if it satisfies the condition
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@
R E > 0. (10)

Here, we will let & to denote the class of star-like func-
tions with respect to £-symmetric points. The class &} was
introduced by Sakaguchi [12] in which he showed that all
functions in &} are univalent. Note that &) = §™.

A function y € &Z, is said to be -symmetrical if for each
EeE

xX(&8) =" x(&), (11)

For x € Z,, Equation (9) can be defined by the following
equality

Xe(f)=—2@,(£:1,2,3,--~). (12)

Now, we extend the operator defined by Selvaraj and
Karthikeyan in [13]. Using Hadamard product (or convolu-
tion), we define a operator for functions x € Z, as follows:

m
I (ay, a5 05 a,, €565 055 €)X

M: 1 i( u )m(al)n(az)n:::(“r)nd g

& n+p

+
Ep n=1

where (x), is the Pochhammer symbol defined by

1 ifn=0
(x)}’l:{

x(x+1)(x+2) - (x+n-1) ifneNy={1,2,,}.
(14)

For convenience, we shall henceforth denote

Li(ays ay, - a5 €005,

u s e)x =1y (ap )y (15)

Note that in [13], I}}(a;,¢;)x was defined for x € Z,.

Here, we skip the discussion on the necessity of using differ-
ential or integral operator, refer to [13-17] and reference
provided therein for detailed properties of I} (aj, c;) .

Throughout this paper, we assume that -1 <Y <X <1,

-m2<|o|<m/2,T>pcoso,A>1, €eN, e=exp (2mi/f)
and
=
Xe(mo i a3,¢,58) = EZ(:)SVP (7@ c)(Ed)| =674+
(16)
(xeZ,:€=23,-). (17)
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Figure 1: The image of the unit disc under the mapping of A7 (§), if h(§) =1+¢&/1-¢&.
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FIGURE 2: The image of the unit disc under the mapping of A7 (£), if h(§) =& + /1 +&.

1.1. Short Introduction to Quantum Calculus. For 0<q<1, & P! for £ + 0, where the q -integer number [n]_ is defined by
the Jacksons g-derivative operator is defined by (see [18, 19]) 1

n| = , 19
. o =T (19)
D = _ 18
X(8) X(fi - X)(gf), iFE#0. (18) and note that qli_r{}@qx(’g’) = x'(£). Throughout this paper,
1 we let denote
From (18), if y has the power series expansion (3), we
X P b ([n]q)k =[n] [+ 1] [n+2), - k=1 (20)

can easily see that D y(§)= [—p]qFIF1 + Xl -pld.,



The g-Jackson integral is defined by (see [20])

3

1) = [ x0de=1-9 Zqﬂx@q"» (21)

0

provided the g-series converges. Further observe that
Dylx(8) = x(§) and 1, Dyx(8) = x(8) — x(0)  (22)

where the second equality holds if x is continuous at £ = 0. For
details pertaining to the significance of univalent function
theory in dual with quantum calculus, refer to [21, 22] (also
see [23-26]).

Meromorphic multivalent functions have been exten-
sively studied by various authors, but motivation and refer-
ences of this study are [1, 13, 27-36].

Definition 2. For —n/2<o<m/2, A>1, T>pcoso, beC\
{0} and T'(ay, ¢;) x defined as in (13), a function x belongs

to the class ST (ay, ¢, ;b5 h; X, Y) if it satisfies

+DA-p [ 1m A
g I (ay, CI)X’(E)}
Xe(m, g ay, ¢p58)

elr-3 _(_P)A

(23)
where < denotes subordination and /() is defined as in (2).

Now, we will define a class replacing ordinary derivative
with a quantum derivative in ./ SE”’A(al, c3b3h; X Y).

Definition 3. For —n/3<o<m/2, 0<y<1,T>pcoso, be
C\{0} and I}(a;,c;)y defined as in (13), a function x
belongs to the class @S (a, ¢, ;b3h; X, Y) if
(P+1)A~p [y pm g
R RACEG] (1)’
Xe(ms ps ay ¢, 5 ) 1

io 1
e’ [ [p], - b

<Y,(0,7;8),
(24)

where Y, (0,7;§) is the g—analogue of A7(§), which is
defined by

[(1 + Xe ) [pl € +7(Y —X)] h(E) + [(1 - Xe ) [pl € — (Y - x)]

Y, (0,758) = (Y +1h(§) +(1-Y))]

(25)

Remark 4. We note that in the definition of Q.S (ay, ¢, ;
b;h;X,Y), the operator Ijj(ay, c;)y and y,(m,u ay,¢c;;8)

are the same as used in Sy (ay, ¢, ;b5 h; X, Y). We have
not used the g-analogue operator as it would require the
reader to contend with additional set of parameters.
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2. Preliminaries and some
Supplementary Results

Here, we will discuss the results which would help us to
obtain our main results.

We note that everything in classical calculus cannot be
generalized to quantum calculus, notably the chain rule
needs adaptation. Hence, logarithmic differentiation needs
some application of analysis. In [37], Agrawal and Sahoo
obtained the following result on logarithmic differentiation.
For y € o and 0 < g < 1, we have

= — log x(§), (26)

where I x is the Jackson g-integral, defined as in (21). Sim-
ilarly, we can see that

o, [r@y ] = 2, @™ @)

If v is an integer, then the following identities follow
directly from (16):

Xe(mspsap, ¢ 5€°8) =Py, (m, 4, a,, ¢, 58). (28)

Xe(ms sy 5€°8) =€ Py (m, a0, 5 €)
1< (29)
= 2 () (£°8).

v=0

Since g-derivative satisfies the linearity condition, (29)
holds if the classical derivative is replaced with quantum
derivative. That is,

Dy [Xe (M ps ay5 ¢y ;€)= eivpivgq[)(e(m’ s ap, ¢ 58]
(30)

We now state the following result which will be used to
establish the coefficient inequalities.

Lemma 5 (see [38]). Let 9(§) =1+ Y., ,9,&" € P and also let
v be a complex number, then

|9, - v9]| <2 max {1,[2v-1|}, (31)

the result is sharp for functions given by

) = —5.9) = 17— (32)

The Maclaurin series for the function A} (&) (see [6]) for
the function is given by

[X(pe™ 1) = Y(pe” —7)|R,

AL(§) =pe” + 5 Eee. (33)
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If we define the function 9(&) by

1+w(&) p

9E) =1+9,E+ 0,87+ = )

1_f§,(§e[E>. (34)

We note that 9(0) =1 and 9 € &. Using (34), we have

_9§-1
w(§) = (&) +1
Mo (9,- M)y (9,-9.0,+ 0)es
=5 % TS 3
(35)
For some h(£) =1+ R, & + RyE> + -+, we have
p+bie AL [w(&)] -p}
o+ be R, 9, [X(pe""’; T) = Y (pe” - 7)] ;
. be " [X (pe™™ - Tl— Y (pe” —1)|R, (36)
] [92 ¢ ((Y+ DR, + 24(1 - (RZ/Rl))>:|£2+_“.

3. Integral Representations and
Closure Properties

We begin with the following.
Theorem 6. Let y € /ST (a,,c;5b;h; X, Y), then for A = 1,
we get for £ € E”

Xe(mp,ap,¢p58)

& exp {%EE“[HP oA O]} 2] }

v=0

(37)

And for A > 1, we have for £ e E*

i A-10
vt [ple- e mwienny + o]\
Ez;)[ 1P DA S

(38)

where x,(m, u, a;, ¢; ;&) is defined by equality (16) and w(&) is
analytic in E with w(0) = 0 and |w(&)| < 1.

Proof. Let y € MS™ (a, ¢, 5b;h;5 X, Y). In view of (23), we
have

£ ey, )y (8)]

— _ 0 AT RV}

e g e AREL ()
(39)

where w(&) is analytic in E and w(0)=0, |w(&)|<1.

Substituting & by "¢ in the equality (39), respectively,
(v=0,1,2,--,8—1,e' = 1), we have

@0 [ ()]

Xe(m, s ay, ¢ 5€%8) (40)
=b{p-e A w(eE)]} + (-p)".
Using (28) in (40), we get
grI P 1 (ay, ) (28| '
Xe(m, g ay, ¢ ;8) (41)

=b{p—e AL [w(e"E)]} + (-p)".
Using the equality (29) in (42), we can get

1/A

L@y )y () _ ([Pl —e A lwe)) + ()]
[Xe(msp, a5 ¢y ;E)]m glorDA-p
(42)

Let v=0,1,2,--,
ming them we get

€-1 in (42), respectively, and sum-

i A
XimmancsE) 168 [ [plp-e A wE)) + ()] !
[Xe(m, psay, ¢ ;E)]M ! E(PH)/\-P
(43)
O

Case 1. Let A =1 in (43). We need to integrate from 0 to & to
find x,(m, 4, a,, ¢, ; ). But from (43), we notice the presence
of the first-order pole at the origin, the difficulty to integrate
the above equality is avoided by integrating from &, to & with
&, #0, and then, let £, — 0. Therefore, on applying integra-
tion, we get

log (Xz(m> U, a5 €y E))

EP
-1

s"fl
7ZJ\ b{p —ID‘AT

Hence, the proof of (37).

B} —2p] dt



Case 2. If A > 1, (43) can be rewritten as

[{xems a5 8 )

_ ( L G)) % eZ; ([b{p—e""i{::(;”j)l} + (—p)ﬂ)

(45)

1/A

On integrating the above expression we obtain (38).
Hence, the proof of Theorem 6.

Theorem 7. Let x € QUS (a;,¢;3b;h;X,Y), then for
A=1, we get

Xe(m o apc;58)
el e

_ 8 exp {%ZOJO ?<b{mq6_iayq(g,f;w(t))}z@]q)dt}.

(46)
And for A > 1, we have
Xe(mopapcp58)
A AA
o e f (ol - e asiwenn} + (1)
) <¥> %ZJE [ g : } .
(47)

where x,(m,u,a,,c;;&) is defined by equality (16) and w
(&) is analytic in E with w(0)=0 and |w(&)|< L

Proof. In view of (24), (30), and (43), we have
D, [xe(m, pay, ¢,58)]

Xe(mp,ay,¢p5 E)]m
L e <b{[p]q - e—ithq(a, T;w(gvg))} + (—[p]q)k>

PR

1/A

(48)
O

Case 1. Let A =1 in (48). Using the definition of logarithmic
differentiation for g-derivative operator (see (26)) in (48), we
get (0<g<1)

log (xz(m, th ap ¢ ;E)>

&
) %EES% (b{LD]q —e Y (0,75 w(t))} - Z[P}q) dgts

(49)
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where the integral is g-Jackson integral. Hence, the proof
of (37).

Case 2. If A > 1, using chain rule (see (27)) for the g-differ-
ence operator defined in the previous section, (43) can be
rewritten as

D, [{Xe(m, ay, ¢, ;g)}l—m}
(=)

<b{ [pl, - Y, (0,75 w(gvg))} + (—[p]q)l>

E<p+1)l—p

1/A

(50)

On applying g-Jackson integral in the above expression,
we obtain (47).

Corollary 8 (see [1, Theorem 1]). Let x(§) € #S,(0,7),
then

X&) =87 exp (2(7 —p cos U)"“’Lﬁ dt>, (EcE"),

w(
(51)

where w(&) is analytic in E with w(0) =0 and |w(&)| < 1.

Proof. Letting m=2,s=1,a,=¢,a,=1,X=1,Y=-1, 8=
A=b=1, and h(§)=(1+&)/(1-¢&) in Theorem 6, then
(43) reduces to the form

—lo EX (E) _ (I)eio _ Z(T _lp_czjs(g))w(a) (52)

Retracing the steps as in Theorem 6, we can establish the
assertion of the corollary. O

Setting m=0,r=2,s=1, a; =¢;, and g, = 1 in Theorem
6, we get the following

Corollary 9. Let y € S (2,1;b;h;X,Y), then, for A=1,
we get for £ e E*

Yu

xe(8) =—p.[zu-p—1 exp (%eir

v=04J0

; [b{p—e AL [w(t)]}] dt> du.

(53)
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And for A > 1, we have for £ e E*

X&) =-p (?) JZ”
{N-ZI u ([b{P— e AT [w(e")]} + (—p)*]) u,\d }A—w\
. E Jg tp+)A-p , da

v=0

(54)

where x,(&) is defined by equality (12) and w(§&) is analytic in
E with w(0) =0 and |w(§)| < L

Letting A=1X=1,Y=-1, b=1, and h(&)=(1+&)/
(1-&) in Corollary 9, we get the following result.

Corollary 10. (see [1]). Let x(§) € M€, (0, 7), then for & €
E*

£
x(8) = —PJ u? ! exp 55
0 55

Y w()

: <2(T —p cos a)e’igjo T o] dt) du,

where w(&) is analytic in E with w(0) =0 and |w()| < 1.

4. Fekete-Szego Inequality of ./ oS’g”’A(al, ¢ b;
h;X,Y) and Qﬂé’?’)‘(al,cl sb;h;X,Y)

Very few researchers have attempted at finding solution to
the Fekete-Szego problem for class of functions with respect
to £-symmetric points, as it is computational tedious. Nota-
ble among those works on coeflicient inequalities of classes
of functions with respect to £-symmetric points were done
by Aouf et al. [39].

Throughout this section, we let

=
anﬁg)sv”, ((’,elN;nzl;se:l),

e,= (a1), (@), - (@), andQn’"=< ¢ )m,(ne]N).

n!(cl)n (CZ)n (CS)n nt+y
(56)

Theorem 11. If x(§) € ST (a,,¢;3b5h;X,Y), then, we
have for all ye C

[bl[X (pe™ —7) = Y (pe” ~7)|R,
2= oo+ 2-pMOs | (57)
- max {1,]2@Q, - 1|},

dz—p U d?—p‘ <

where @, is given by

1

1
@1:1{(Y+1)R1+2<1— R

_ pe bR [X (pe — 1) = Y (pe” — ) [{p¥, + (2 -

Rz) ~ e b[X (pe —7) = Y (pe” — )| {2p*¥] + 2p(1 - p)¥, + MA-1)(1-p)*}R,

2(-p) [p¥, + (1 - p)A’

(=p)" [P + (1= p)APOTR"

The inequality is sharp for each p € C.

Proof. As x € S (ay,c,;b5h; X, Y), by (23), we have

S HONAPES
Xe(ms g ay, ¢y 5§)

Thus, let 9 € & be of the form 9(§) =1+ Y2, 9,£" and
defined by

T+ w()

_l—w(E)’£EQ' (60)

(%)

(58)
P)A}O }
On computation, we have
1 1 1
w(§)=39¢+ 5 (92 - 29%) &
. ) (61)
3 (93 -9,9, + 49?)E3+-~-,£ €.
The right hand side of (58)
be apfu(e)) - p) - XD Y o)
- be o [X(pe"“T - T) - Y(pe"‘7 - T)}R1
4
. |:92 _ 9? ((Y+ 1)R1 + 24(1 - (RZ/RL))>:|£2+

(62)



From the left hand side of (58) is given by

grA-p {Il’f(al, a)x' (E)} !

=
Xe(ms%ﬂpCl;f) ( p)
VS
-+ - pNe 0, g+
'[ZP ¥ +( PO, —p—{2p2¥’%+2p(1—p)%
+A(A }d2 ®2sz}
(63)

Journal of Function Spaces

From (61) and (62), we obtain

_ e bR, 9, [X(pe’“’ -1)
T aep) P+ (1

- Y(pe“’ - T)} X

~p)AO,

4y = X T Y (pe D) IRy [92 - i{(h 1R, +2(1 - %)

4 s + - )N @,0)
_EUb[X(pe — 1) — Y (pe” — )| {2p° W1 +2p(1 -
2(-p)'[p¥, + (1-p)A]

)Y +AA-1)(

}Rl} 32]

(64)

Now we consider

—p)Y1 +MA-1)(1-p)*}R,

-p)A?

(65)

- | | )l o [92-1{<Y+1>R1+2<1-&)
4(-p)"{p¥, + (2-p)A}O 4 R,
e b[X (pe ™ — 1) = Y (pe” — 1) [{2p*¥] + 2p(1 - p)¥, + A(A p)* IR,
2(-p)' ¥, + (1-p)A)
ue RO [X [ (pe""’ - T) Y (pe'” - T)]2 L eh [X(pe”l‘7 - T) - (pei" - T)}Rl
16(-p) 2 [p¥, + (1 - p)AOTO" 4(-p){p¥, + (2 - p)A}OQY
2 —io X —io _ _ 21}/2
. SZ_ﬂ{(Y+1)R1+2<1—&>—e b[ (pe T) (pe T)}{ZP +2P
4 R, 2(- ) p¥,+(1
pe bR, [x (pe‘i" -7) - Y(pei" -7)[{p¥, + (2 -p)A}O, .
(-p)*p¥, + (1-p)AP OO
On applying Lemma 5, we get the assertion. O

To demonstrate the applications of our results, here, we
provide the most simple special case of our result. Note that
the following result was obtained [[40], Theorem 6] for
functions in y € .

Corollary 12. If x(§) € &£, satisfies

- < h(&), (66)

and h(§) =1+ RE+R,E +--
for all y e C we have

-, with R;,R, € R, R, > 0, then

}. (67)

R R
|d1—ptd§| < 71 max{l; R—2 — R, +2uR,

1

The inequality is sharp for the function x_ given by

S h(t)+1 R
56XPJ - ()t+ dt, R—Z—R1+2[,zR1 >
0 1
X.(§) =
¢ Oh(P)+1 R,
fepr - dt, —2 —R,+2pR,| < 1.
0 t R]
(68)

Proof. In Theorem 11, taking r=2,s=1, a4, =b;, a,=1, X
=1, Y=-1, m=0=1=0, and £=A=p=1, we get the
inequality

R

1 if &

2 R

1

=R, +2uR,| <

|d, — udy| <
. if

0| =

RZ
R—l - R, +2uR,

RZ
R—l — R, +2uR|| 2

(69)

O
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Analogous to Theorem 11, we can prove the following.

Theorem 13. If x(§) € QUST (a,, c; ;b5 h; X, Y), then, we
have for all pe C

) |b|’X(qu”"’ —T) - Y(hv]qe“’—r)‘Rl
‘ 2-p M 1—})‘S -1 N
2|(1pl,) (-l oo

- max {1, |2Q, - 1|},

(70)

where @, is given by

0,- 2{(Y+1)R1 +2(1_ g)
e b[X (el =) =Y (Il ~) | {2021 - 200,11 - p1, 2+ MA= D1 pi R,
2-pMi-pp- o)
e bR (X (Iple ~7) =¥ (1pl,e - 7) | {12~ P A - [0, 2 Je:05
R L = R T '

(71)
The inequality is sharp.
5. Conclusions

The defined function class ST (a,, ¢, ; b;h; X, Y) though
familiar with so called pseudo-star-like functions required
lots of adaptation since it involves functions with a remov-
able singularity of order p at the origin. Integral representa-
tion and Fekete-Szegd inequalities have been established.
Further, we extend the class A8 (a,,c,;b;h;X,Y) by
replacing the classical derivative with g-derivative. Since all
the results involving classical derivative does not get trans-
lated to the results involving g-derivative, we used some
modified conditions to obtain our main results. We note that
these adaptation are essential for future research.
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