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ABSTRACT ARTICLE HISTORY

The authors introduce new classes of analytic function with respect Received 13 December 2023
(n, T)-symmetric points subordinate to a domain that is not Accepted 29 March 2024
Carathéodory. To use the existing infrastructure or framework, KEYWORDS

usually, the study of analytic function have been limited to Univalent function;

a differential characterization subordinate to functions which are symmetrical functions;
Carathéodory. Here, we try to obtain various interesting properties differential subordination
of functions which are not Carathéodory. Integral representation,

interesting conditions for starlikeness and inclusion relations for

functions in these classes are obtained.

1. Introduction, definitions and preliminaries

Let A be the class of function of the form
pw) =w+> a0, (1.1)

which are analytic in the unit disc U = {w : |w| <1}. Let S denote the class of functions
¢ € A which are univalent in U. We call P to denote the class of functions with
normalization p(0) = 1 which satisfies Re(p(w)) >0, w € U. Starlike and convex func-
tions, the well-known geometrically defined subclasses of S have the following analytic
characterizations respectively

90 cp g 1492 W p

¢(w) ¢'(w)

We denote the class of starlike and convex functions by S* and C respectively. Ma-Minda
(Ma and Minda 1992) studied an analytic function ¥ which satisfies the conditions

(i) Re y>0, U;
(i) y(0) =1, y'(0)>0;

CONTACT Kadhavoor R. Karthikeyan @ karthikeyan@nu.edu.om @ Department of Applied Mathematics and Science,
College Of Engineering (Al Hail Caledonian Campus), National University of Science & Technology, P.O Box 2322, CPO
Seeb 111 Al Hail, Muscat, Oman

© 2024 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/
licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited. The terms on which this article has been published allow the posting of the Accepted Manuscript in a repository by the author(s) or
with their consent.


http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/13873954.2024.2341691&domain=pdf&date_stamp=2024-04-20

MATHEMATICAL AND COMPUTER MODELLING OF DYNAMICAL SYSTEMS . 267

(iii) (iil) v maps U onto a starlike region with respect to 1 and symmetric with respect
to the real axis.

Also, they assumed that y/(z) has a series expansion of the form

y(w) =1+ Liw+ Lo + L+, (L1>0;wel). (1.2)

and introduced and studied the following subclasses of using subordination of analytic
functions:

5(y) = {¢€A:%<w(w>}

and

Cly) == {(p €A: (1 + “’;’,’2(2‘3”) < w(w)}.

By choosing y to map unit disc on to some specific regions like parabolas, cardioid,
lemniscate of Bernoulli, booth lemniscate in the right-half of the complex plane,
various interesting subclasses of starlike and convex functions can be obtained. For
detailed study, refer to (Gandhi 2020; Dziok et al. 2011b, 2011a, 2013; Mendiratta
et al. 2014; Raina and Sokét 2015, 2016, 2019; Srivastava et al. 2019, 2019, 2019, 2019;
Mustafa and Murugusundaramoorthy 2021; Khan et al. 2022; Mustafa and Korkmaz
2022; Araci et al. 2023).

From the above discussion, it can be seen that the entire architecture supports the
study of analytic functions that are subordinate to Carathéodory function. Here in this
study, we will deviate by introducing certain differential characterization subordinate to
a non-Carathéodory functions.

To begin with, we let NP to denote the class of functions that are analytic in the unit
disc and equals 1 at w = 0. Both Carathéodory and non-Carathéodory functions satisfy
the same normalization p(0) = 1, the only difference is that the requirement of the
function to map the unit disc onto a right-half plane is relaxed in case of non-
Carathéodory functions. Recently, Karthikeyan et al. (2023) introduced a class belonging
to a class of non-Carathéodory functions NP defined by

e “cosa +isinap(w)]
1 — 2 cos fwe i + e~ 2iag?2’

Ala, B; p(w)] = (1.3)
with a, € [0, 7] and p(w) € P. Here, in this paper, we slightly modify the equation (1.3)
to accommodate or unify the studies of well-known classes of analytic functions, which
we define as follows.

e “[cosa + isina(l — w?)p(w)]
1 — 2 cos fae @ 1 o 2ug?

A, B; plw)] =

It can be easily seen that for a choice of a =p=7 A'[a, B; p(w)] = p(w) € P.
Figure la,b illustrates the impact of A*[Z, 0; p(w)] on the regions p(w) = 1= and
p(w) = V/1+ w respectively. Further, the images shows that function A*[a, f8; p(w)]
belongs to the class which is not Carathéodory.
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(a) plw) = 1< b) p@) = VI+ @

Figure 1. Mapping of |w| <1 under A*[m/3, 0; p(w)].

Mittag-Leffler function, a special transcendental function has been on the spot-
light due to its role in treating problems related to integral and differential equa-
tions of fractional order. Refer to Srivastava (2021c, 2021a, 2021b), Srivastava
(1968), Srivastava and Tomovski (2009) and Srivastava et al. (2018, 2019, 2022)
for detailed studies which involved Mittag-Leffler function. The function Ej ;(w) is
popularly known as Prabhakar function or generalized Mittag-Leffler three para-
meter function. Explicitly, the generalized Mittag-Leffler three parameter function is
defined by

n

S~ (p),@
E = — R >0). 1.
977)((4)) ;F(Hn e (w, 0,9, p € C,Re(0)>0) (1.5)
where C denotes the sets of complex numbers and (x), will be used to denote the usual
Pochhammer symbol.

Using the Mittag-leffler function, Murat et al. (2023) defined the following operator
Dy (6,9, p)g : U— U by

Dy(0, 9, p)p(w) = w + i [n + % (1+ (—l)nﬂ)]m O (5((5)_(/)1);)_(1,1 1) anw’”,

(1.6)

(mreNy=1{0,1,2,...}, w, 0,9, p € C,Re(6)>0).

The operator D(0, ¥}, p)¢ was motivated by the operator D"¢(w) defined by Ibrahim
and Darus (2019) and Ibrahim (2020).

It is well known that if ¢(w) given by (1.1) is in S, then [p(w")]"/", (7 is a positive
integer) is also in S. For every integer 7, a function ¢ € A is said to be (#, 7)-symmetrical
ifforeachw € U
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¢(ew) = "p(w), (1.7)

where 7 > 2 is a fixed integer, # =0, 1, 2,...,7 — 1 and € = exp(27i/7). The family of
(n, 7)-symmetrical functions denoted by F” was defined and studied by Liczberski and
Po ubin’ski in Liczberski and Potubiiski (1995). We observe that 7}, 79 and ' are well-
known families of odd functions, even functions and 7-symmetrical functions
respectively.

Also, for every integer 7, let ¢, (@) be defined by the following equality

1

=
|

o) , (peA). (1.8)

QL=

Py (@) =

<
Il
o

Obviously, ¢, () inherits the all linearity properties ¢(w). The characterization (1.8)
was first presented by Liczberski and Po ubin’ski in (Liczberski and Potubinski 1995).
The following identities can be derived from (1.8), provided v is an integer,:

9y (e'0) = "9, (@),

! v _ v _1 ¢'(e'w)
(Pq;r(s C()) e goq,f(w) - -_[1;) ] (19)
" " 7—1 170y
Ppa(f'w) = MV (w) =1 3 £
v=0
We assume that 7 € N, ¢ = exp(27i/7) and
1 7—1
Dy(6, 9, p), (w) = . e "[Dr0, 9, p)p(w)] =w+ -, (1.10)
v=0
From (1.10), we can get
1 T—1
D (6,9, p)g, (@ Za{f@erenw (@ =@ =1), Tey=—3 7 (11D
v=0
where
r nr1y ™ L(9)(p) s
o, = (14 (=1 n n>2
3 1+ ™) T+ 6(n—1))n-n"

We will define a comprehensive subclass of analytic functions involving the well-known
Mittag-Leffler function. The major deviation of this paper is that, we have obtained
coefficient inequalities, inclusion relationships, integral representation and closure prop-
erty using differential subordination for a subclass of non-Carathéodory functions.

Motivated by (Srivastava et al. 2018; Karthikeyan et al. 2021), we now define the
following:

Definition 1.1. For 0 <§ <1, 0,9 € C,Re(0)>0 and m € Ny =NU {0}, p € A is
said to be in the class Cf, (6, U, p; &; y) if it satisfies
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(1-0)0D?(0.0.p)¢' (@) + 8a(@DX(0.0.0) (@) _, px1y B 112
07 @.0.p)p, (@) & 80D20, 091w < 2 1% B y(@)], (112)

where D"(0, 9, p)¢ is defined as in (1.6) and y € P is defined as in (1.2).

Remark 1.1. The defined class of functions involves lots of parameters, so we can obtain
several classes as its special case. Here, we will present a few of them:

(1) If welet 6 = 7 =m = 0 and p = 1, the class Cf; (6, U, p; §; y) will reduce to the
classes Sg’”) (v) and ng’r)(lll) by choosing § = 0 and § = 1 respectively. The class
S (y) and C") (y) were recently introduced and studied by Karthikeyan in.
(Karthikeyan 2013)

(2) If we let a=B=% 0=171=m=0, p=1 and y(w) =1+ Fw/l + Gw in
Definition 1.1, then the class C{, (6, ¥, p; 6; ) reduces to the class SUIF, G
defined and studied by Al Sarari et al. [2016, Definition 5]

B)Ifweleta=p=30=1=m=0,n=p=1and y(w) =1+ Fw/l + Gw in
Definition 1.1, then the class C{; (6, U, p; ;) reduces to the class SYIF, G
defined and studied by Kwon, and Sim. (Kwon and Sim 2013)

The analytic characterization of CE’;J>(9, 9, p; 8; y) is very similar to the one that was
defined by Karthikeyan et al. in (Karthikeyan et al. 2021). The major deviation here is that
we have defined the class with respect to (7, 7)-symmetric points whereas the class
studied by Karthikeyan et al. (2021) involved the odd function. The class
Cly.o(0, U, p; 8 v) neither unifies nor generalizes the study of Karthikeyan et al. (2021)

Further, we have deviated in obtaining the results like subordination condition of
starlikeness.

2. Coefficient inequalities

In this section, we impose another condition that the first coefficient of the series namely
L; in (1.2) to be real. To obtain our main results, we need the following Lemma.

Lemma 2.1. Let the function A*[a, B; y(w)] be convex in U where the function v is
defined as in (1.2). If p(w) = 1 + Y ppw" is analytic in U and satisfies the subordination
n=1
condition
p(w) < Ala, B y(w)], (2.1)

then

Ipu| < \/4cos2ﬁ+L%sin2 a, n>1. (2.2)
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Proof. If the function y has the power series expansion (1.2), then
Ae, B w(w)] =14+ e ™(2cosf+ilysina)w+ ..., w e U.
The equation (2.1) is equivalent to
plw) =1 < A'a, B y(w)] —

Since the convexity of A*[a, f8; y(w)] remains unaffected by translation, from

a well-known Lemma of Rogosinski ([1943, Theorem VII]) it follows the conclu-

sion (2.2). |
Here we present the coefficient inequality of C{; ., (6, 7, p; &; y).

Theorem 2.2. If ¢ € C{; (0, U, p; 8;y), then for n > 2,

P T [V e o £ 2 N
[1 + 5(” - 1)]|q)n| =1 {(t + 1) - Ft+1,17|
where
r nr1y | ™ L) (p)y
_ r _ >
@y = [n+5 1+ (1)) T+ 0(n— 1) (n—1y" =2
Proof. By the definition of C(; . (6, U, p; 6; y), we have
1 — 8)wD™ (8, 9, )¢ (w) + dw(wD™ (8, 9, )¢ (w))
(1 = 9)wDy(6, 9, plg (w) + dw(wDP(6, 9, plp (@) _ (2.4)

(1-8)Dy(6, 7, p)o, () + 8wD} (6, U, p)g,, (@)
where p(w) € P is subordinate to p(w) < A*[a, B; v(w)].
With a; = ®, =T, = 1, (2.4) can be written as

1—1“1,1w+z - 1+ d(n—1)]Dua,0"

=<an )( [1 4 8(n — 1)]Ty @ty )
n=1 n=1

From the above equality, we have
(f’l - rn,r]) [1 + 6(” - 1)]®nan = [ n— 111[ + 6(” - 2)]®n71an71p1 +--- +Pn71F1,qCD1ﬂl]

—1 n—1

Z‘Pn (U (8= DOy Prar| <) (148t = 1)|pa-iTrg| elal.

t=1 t=1

The assertion of 2.1 implies |p,| < \/4cos?f+ L}sin? @, n > 1. On computation, we
have
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n—1
Vacos? B+ L2sin?a " (14 8(t — 1))|® Ty | |a]
t=1

lan| < (2.5)
! [n =Ty |[1+ 8(n — 1)]|@,|
Let n = 2 in (2.5), then
4cos? B+ L?sin’
lay| < % FrLi ) (2.6)
|2 = Tay|[1 + 6] @,
Letting n = 2 in (2.3), we get
0] < H|Ft,1|\/4coszﬁ+Lzsm zx+|t—l“t,7}
az| =
+5|(D| t‘f' )_rt+1,11|
B 1 \/4 cos? f+ L?sin*a 2.7)
[1+ 68]|D,| |2 = T2, ’ '

From (4.2) and (2.7), we conclude that (2.3) is correct for n = 2. Now let n = 3 in (2.5),
we have

V/4cos? f+ L} sin’ a
|3 — T3] [1 + 26]|Ds]

jas| < [T1] + (14 208) T, | @2 as ]

V/4cos? B+ L} sin® «
= |3 = Tay|[1 4 28]|@s]

| rzﬂ‘

T2, 1/4 cos? B+ L2 sin? oc‘

If we let n = 3, in (2.3), we have

as] < 1 \/4coszﬂ+L%sin2(x T2y| /4 cos? B+ L3 sin® a + |2 — szﬂw
= 1 + 28]| @3] 2Ty, 3 —T3,]
< 1 \/4c052/5—|—L%sin2(x T2y| /4 cos? B+ L3sin® a + |2 — quq
= 14 28] ;] |3 - T3, |2 =Ty

\/4cos? B+ L}sin® a T2,y \/4 cos? B+ L3 sin?
" [1 4 28]|@s][3 — T3,y |2 = Ty

Hence the hypothesis is correct for n = 3. Assume that (2.3) isvalid forn = 2,3, ...r.So
from (2.3), we have

\/4cos? B+L? sin oc+|t F”,|

] |Tea |
|a;| < [1+3(r—D)][/] t:Hl [(t+1) i1

By induction hypothesis, we have
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0] < 1 ’_1‘Fm’\/4c052/3+L%sin2(x+’t—l"m‘
ar| =
[1+6(r — 1)]|D] 4+ t+1) — Ty,
e — |(t+1) = Tipry| 2.8)
4 cos? f+ L?sin® «
(14 0(t )| D@Lty |a
T =T+ 8(r—1) |<1>|Z D)I®:Liyla].
Now letting n = r 4+ 1 in (2.5), we have
\/4cos? f+ L} sin’ « a
Arp1| < 1+06(t—1))|DTs,l|a
9711 |<r+1)—rr+1,n|[1+5(r)]|q>r+1\z( (= D)i®cLelad
B V/4cos? B+ L}sin’ a
|(r +1) - rr+1,11|[1 + 8(r)]| @41 |
r—1
D (14 8(t = 1))|D: Tyl a] + (1+ 8(r — 1)) |, Ty |a,|] (2.9)
=1

Using (2.8) in (2.9), we can obtain

v < V/4cos? f+ L} sin’
1l =
T+ 1) = T[4 8]

-1
Z 1))@ Ty ||

r 4 cos? B+ L3 sin? a &
L DlV4cos’ B 3 (148t — 1))|; Ty a]
|7’— r11| t=1

_ VAcos? B+ L2sin?ad ' r — 1(1+ 8(t — 1))@, Ty | |a¢]
|(r 1) = Ty [1+ 8(r)]| @

l|1",7,7|\/4coszﬁ—|— Lsin’ a + |r — Ty

}r— 1",7,1|

_ V4cos? f+ Lisin® a ' r — 1(1+ 6(t — 1))|®: Ty |as]
| = Lry| [+ 8(r)]|@ra|
[IFr,ql\/4cos2ﬁ+L% sina + |r — T,

}(T‘I— —1",+1,7|
B 1 = llrtn‘\/élcoszﬁ—l—Lzsm (x—f—}t—rm|
[+ M)][@r| - | (1) = Trany

|Fr711|\/4C052ﬁ+ L?sin® o + |r — I‘w|
|(r+1) = Tppry|

1 }Ft,1|\/4c052[j’+Lzsm 0c+|t—l"t,7}
TGRS |(t+1) = Trpy]
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implies that inequality (2.3) is true for n=r+ 1. Hence, the proof of the
Theorem. m

Ifweleta=p=%50=1=m=0,1=p=1and y(w) = (1 + Fo)/(1 4+ Gw) in
Theorem 2.2, then we get the following result.

Corollary 2.3. [Al Sarari et al. 2016, Theorem 2] If ¢ € S""™(F, G) (see Remark 1.1),
then forn > 2, —1 < F<G<1,

o) < Rl 0) -1 ¢

t=1 |t+1_rt+1f1|

For F=1—-2€cosp,0 <£<1,G = —1and#n = 1, the Corollary 2.3 reduces to the next
special case:

Corollary 2.4. [Libera. 1967, Theorem 1] If ¢ € A satisfy the inequality

Re?? (@) >Ecosp, we U,
¢(w)
then
2 2(1 - €&)e
2] < H| (1—=¢&)ePcosp+t] . (2.10)
0 t+1

The coefficient estimates of (2.10) are sharp
If we let a=p=7%, 0=1=m=0, A=p=1 and W(W)ZW% in
Theorem 2.2, then we get the following result.

Corollary 2.5. [Karthikeyan et al. 2020, Corollary 6] If ¢ € A satisfy the condition

wg (@) , (F+1Dpe(w) = (F—1)
p(w) (G+1)pu(w) = (G—1)

with  pa(w) = (14 2a), /182 — 2q, = b(a) = %, a>0. Then for
n>2 —-1< H<G <1,

HZ (1 + 4a) — 2(G]|
i 2(1+20c (t+1)

Remark 2.1. Several well-known results can be obtained as special case of
Theorem 2.2.



MATHEMATICAL AND COMPUTER MODELLING OF DYNAMICAL SYSTEMS . 275

3. Inclusion relationships and integral representations of the
classes C[; (6, ¥, p; 6; ¢)

I}f1 Clyr)(0. U, p; 8 ), then by Definition 1.1 there exist a Schwatrz function o(w) such
that

(1 - 8)wD(8, 9, p)g () + Saw(wD(8, ¥, p)g ()
(1 - (S)D;’l(H, v, P)(Pq,r(w) + &UDT(ev v, P)(P://.T(w)

= A, fiy(o(@))]. B.D)

If we replace w by e'w(v=0,1,2, ..., 7— 1) in (3.1), then (3.1) will be of the form

(1— 8)e"wD(0, ¥, p)g (') + de'w(e"wD}' (6, 9, p)g ("))
(1= 8)Dy(6, 7, p)g, (@) + de*w Dy (6, J, p)g), (' w)

= A, B; y(o(e'w))].
(3.2)
Using (1.9) in (3.2), we get

i

(1= 0)'wDy (0, 1, p)g (¢'w) + 86w (e'wD? (0, 9, p)g (')
&|(1 = O)Dy(6, 9, p)g, (@) + 8wD (8, 0, p)g), ()]

= A'fa, 5 y(o(e'w))].

(3.3)
Letv=0,1,2, ..., 7—11in (3.3) respectively and summing them, we get

(1= 8) 1518 D (6, 9. p)g (') + [L 1) &~ wD2 (6, 9, p)gf (') + LY} 12 DI (6, 9, pp(e'w)]

(1= D76, 9. p)g, . (@) + 80D (8. V. p)g, (@)
7—1
=3 Nl s plole))]
v=0
Or equivalently,

(1 = 8)wDy (0, ¥, p)g, (@) + S (@D} (6, ¥, p)g, (@) 13
(1-8)Dy(6, 9, p)9, () + 6w D} (6, U, p)g, (@)

A, B y(o(e'w))].

1
v=0

On summarizing the above discussion, we have the following.

Theorem 3.1. Let the function A*[a, f; y(w)] € NP satisfy the subordination condi-
tion L 370 A*[a, B; y(o(e'w))] < A*[a, B; y(w)]. If ¢ € Clyr(0, 9, p; 85 y), then

(1= 8)wDy (0,9, p)g, (@) + dw(wDy (8, 9, p)g, (@)
(1—=98)Dy(6, Y, p)g, (@) + 5w D (6, 7V, p)g, (w)

< Aa, B; y(w)].
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Let G(w)= (1 - 8)D2(6, 9, p)p(w) + 5wD?(6, 0, p)g'(w) and H(w) = (1 - 5D
(6,9, p)g, .(w) + SwD} (6, I, p)q);“(w). If ¢ € C[; (0, ¥, p; §; ), then following the
steps as in Theorem 3.1, we have

wH/(w) lT_l * . v
Hw) 72 Ml By(elea)))

y=

Alternatively, the above equality can be rewritten as

H(w) 1 _1TAAw B y(o(ew))] — 1
___;Z .

w

v=0

Integrating this equality, we get

1{ }1J @ By~ 1 .

Tg ¢
1 J Al B plo()] — 1
TV:O 0 t ,

or equivalently,

(1 —8)D"(6, 0, p)g, () + 6wD}(6, ¥, p)g, (@)

12 (99 A, B w(o(1)] — 1
:wexp{;ZJo [, WIE (£)) dt}.

v=0

We have two cases namely
(1) For § = 0, trivially we have

Yo

D;(0, 9, p)g, (0) = w exp{iir «, B y(o(t)] —1 dt}.

v=0 t

(2) For0<4 <1,

D0, v, P)‘Pq,r(a)) = %w(lﬁ qua eXp{% 3 r "N Biylo()] — 1 dt}du.

v

Summarising the above discussion, we have

Theorem 3.2. If ¢ € C{; (6, 7, p; 6; V), then

(i) for0<d <1,

D1 (6,9, g, () = 51 J p{lzj“ SRILGYRS dt}du.

(3.4)

<
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(ii) for § =0,

Dy(0, 9, p)g, (0) = w exp{1 3 JZ A e B wio(t))] —1 dt}. (3.5)

™

v=0

Ifwelet =7=m=0=0,1=p=1and a = =7 in Theorem 3.2, we get

Corollary 3.3. [13, Theorem 2.3] Let ¢ € SE”’ ) (y), then we have

(pw(a)) =w exp{li Jg “ylo() —1 dt}

TV:O 0 t

where ¢, (w) defined by equality (1.8), o(w) is analytic in U and ¢(0) = 0, |o(w)| <1.
Ifwelet 0=7=m=0,d=1=p=1and a = =7 in Theorem 3.2, we have the
following Corollary.

Corollary 3.4. [13, Theorem 2.4] Let ¢ € C\""™) (y), then we have

W —1 pe'( o N
(pmr(a)) —j exp{lzoj wm‘}d(

0 T 0

where ¢, (w) defined by equality (1.8), o(w) is analytic in U and ¢(0) = 0, |o(w)| < 1.

4. Subordination conditions for the classes C’(”,’N)(G, 9, p; 6; )

Note that the function A*[a, 8; ¥(w)] in general does not belong to the class P and is not
convex. However, if we restrict the radius of the domain or by choosing appropriate
values of the parameter, we can see that A*[a, f8; w(w)] will belong to class P.

Motivated by the results presented in Chapter 4 of (Bulboaci 2005), here we obtain
some conditions for starlikeness. We now state the following result which will be used in
the sequel.

Lemma 4.1 ([8]). Let g be convex in U, with g(0) = a, y#0 and Re(y) > 0. Suppose that
h(w) is analytic in U, which is given by

h(w) = a+ 00" + 0" + -, wel. (4.1)
If
h/
hw) + 2 y(“’) < g(w)
then

where
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g(w) =2 Jg(t)t(”"“dt-
0

o nw)’/”

The function q is convex and is the best (a, n)-dominant.
For convenience, we denote G(w) = (1 — 8)D"(6, ¥, p)p(w) + SwD™(6, ¥, p)¢ (w)
and H(w) = (1= 8)D1(6, 9, p)9, () + 8D} (6, ¥, p)g, ().

Theorem 4.2. Let the function A*[a, 8; p(w)] be defined as in (1.4) be convex univalent
in U. Let ¢ € A satisfy

n

WG (@) [, D20,V p)g (0) + (20 + VDY (6, 9, plg’ () + 8D, 0, p)g" (@)
H(w) wD(0, U, p)¢' (w) + 6w>Dp(6, U, p)g" (w)
wD}(0, 9, )9, (@) + 8w*D(6, ¥, p)g, (@) .
- —5 m919” 5 m(g. 9 ’1’/ %A{(X,/j;l{/((v)]’
(1—=8)D (6,9, p)g, (@) + 6wDy (6, Y, p)¢, (@)
(4.2)
then , / ,
(1 = 9)wDy(8, 9, p)g (w) + dw(@DZ(9, I, p)gp (w)) a(®)
(1= 01020, 7. g, (@) + 5w DI B, 7 )9, (o) .
1 (“fe™cosa+isina(l —)y(t)] R
Cw JO < 1 — 2 cos fte~i* + e—2iaf2 dt < M'la, B y(w)].
and q(w) is the best dominant.
Proof. Let p(w) be defined by
1 o Dm ! Dm ! 4 /
(o) - (L= 90DI (0. 0. g (@) + Bw(wDZ(O.0.p)g' (@) _ wGlw)
(1=98)Dy(6, 9, p)g, (@) + 8w D6, 3, p)g, (w)  H(w)
(4.4)

Then the function p(w) is of the form p(w) = 1 + pyw + pw* + - - - and is analytic in U.
Differentiating both sides of (4.4) and by simplifying, we have

n

WG (@) [, , @D (6,9, p)g (@) + (28 + 1)&’D (6, v, p)g (@) + 86D (6, . p)g” ()
H(w) WDy (6, 9, p)gf (@) + 602D (6, D, p)g’ ()
@D (6,9, p)g, (@) +0w?DP(6, U, p)g, (@) | () + o5 (@)
(1= 8)D} (6, 9. p)g, (w) + 6wDy (0, 9, p)g,, (w)| * Pl
(4.5)

By hypothesis (4.2), we have

e cosa +isina(l — ?)y(w)]
1 — 2cos ﬁwe,ia + e—2ia g2

p(w) + wp (@) <
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Applying Lemma 4.1 to the above equation with y =1 and a =n =1, we get the
assertion (4.2) Hence, the proof of the Theorem 4.2 ]

Remark 4.1. In Lemma 4.1, there is no need for the superordinate function to be in class
P. Hence, the choice of A*[a, B; y(w)] € NP is admissible.

Theorem 4.3. Let the function A*[a, f8; w(w)] € P be convex univalent in U and let
K(w) = (A*[a, B; y(w)])? + w(A*[a, B; y(w)]). If the function ¢ € A satisfies the
conditions

n

wG (W)  [wDr(6, . p)g'(w) + (20 + 1)’ Dy (6. 9, p)¢’ (w) + 6w’ D}'(6, 0, p)g” ()
H(w) wDy' (6, 9, p)¢'(w) + 8D (6, U, p)g’ (@)

(4.6)

D6, 9, p)g, (@) + 80D (6, U, p)g, (@) L 0G ()
(1—=98)Dr(6, 9, p)g, ,(w) + 6wD? (6, Y, p)¢, (@)  H(w)

< k(w), (4.7)

then ¢ € C{; (0, ¥, p; §; ¥). Moreover, the function A*[a, B; y(w)] is the best dominant
of the left-hand side of (1.12).
Proof. If we define the function p(w) by

(1= 8)wD(6, 0, p)g () + dew(wD™ (6, 9, p)g ())
(1—08)Dy (6,9, p)g, ,(w) + dwD (6, V, p)g, (@) ’

p(w) == we U,

then from the hypothesis, it follows that p is analytic in U. By a straight forward
computation, we have

/ wD'(6, 9, p)¢ (@) + (28 + D@’ D (6, 9, p)g (@) + 8’ D (6, ¥, p)¢” (w)

op ) =) WD (6, 9, p)g/ (@) + 802DP (@, ¥, plg’ ()
D7 (6, 9, p)g) (@) + 547DY(6, 9, p)gi (@)
(1= 3D(6, 9, p)9, (@) + 5aDF (@, 1. p)gy ()|

and thus, the subordination (4.7) is equivalent to
P (w) + wp (w) < x(w). (4.8)

Setting Q(0) := 0> and Y(0) :=1, then Q and Y are analytic functions in C, with
Y(0)#0. Therefore

Q(w) = w(A*[a, B y(w)]) Y(A o, f; w(@)]) = w(A*[a, B; y(w)])

and

k(@) = QA" [, B; y(@)]) + Q@) = (A'[, B y(w)])* + (A, B y(w)]),
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and using the assumption that A*[a, 8; y(w)] is a convex univalent function in U, it
follows that

R9Q() _ §R<1 RGNS w(w)]}”) 0, wel,
Qw) (A [, B (@)
(Q) = [(W[a B y(@))] _ #0),

hence Q is a starlike univalent function in U. Further, the convexity of A*[a, f3; y(w)]
together with R[A*[«, B; y(w)]] >0 (assumed) implies

_ _— w(A*[a, B; y())
= &E{ZA o, B; y(w)] + (Al B y(@)]) + 1} >0, we U.

Since the conditions of the well-known Miller- Mocanu lemma (see [3, Theorem 3.6.1.])
are satisfied it follows that (4.8) implies p(w) < A*[a, B; y(w)], and A*[a, B; y(w)] is the
best dominant of p, which prove our conclusions. m

Remark 4.2. Several special cases of Theorem 4.2 and Theorem 4.3 can be obtained by
assigning some fixed values to the parameter involved in it.

5. Conclusion

We have obtained the interesting coefficient bounds involving analytic functions with
respect to (#, T)-symmetric points. Indeed, very few researchers have attempted the
coefficient problems pertaining to analytic functions with respect to (#, 7)-symmetric
points, as it is computationally tedious. Further, most of the studies in this area by various
other authors involved the differential characterization subordinate to a Carathéodory
function. But in this study, we have obtained interesting subordination conditions,
inclusion and integral representation of the functions defined for a class of non-
Carathéodory function.

Assertion of the Lemma 2.1 is true only if the superordinate function in (2.1) is
convex, so the results that we obtained in Section 2 cannot be applied to functions that
are subordinate to non-convex functions. Hence, there is a need to develop some tools or
methods to obtain the coefficients for the functions subordinate to non-convex func-
tions. In addition, we note that the impact of A*[a, f3; y(w)] is not the same in all conic
regions. So, the following question arises: Are there any specific specialized regions in
which the impact of A*[a, f; w(w)] will be the same?

The study should be interesting when the ordinary derivative in Definition 1.1 is
replaced with a multiplicative derivative. However, the presence of second order deriva-
tive in (1.12) will make such a study very complicated. Further, this study can be
extended by replacing p(w) in (1.4) with a Legendre polynomial, g-Hermite polynomial,
Fibonacci sequence, or Chebyshev polynomial.
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